Advance Calculus CHAPTER TWO Mathematics IlI-Lec:Anas.A.H
Parametric equation and Polar Coordinates:

# Parametric equations

Def: If x and y are given as functions x = f(t) ; y = g(t), over an interval I of t-values,
then the set of points (x,y) = (f(t), g(t)) defined by these equations is a parametric
curve. The equations are parametric equations for the curve.

Notice: The variable t is a parameter for the curve, and it’'s domain I is the parameter
interval. If I is a closed interval a < t < b, the point (f(a), g(a)) is the initial point of
the curve and (f(b), g(b)) is the terminal point.

Ex: Sketch the curve defined by parametric equation.

x=t’,t=t+1,—-0<t< oo,

254
Sol:
-4

t x|y
3192 L5t
214 |-1
11110
0 |01 |
1 12
2 413 054
319|4

IJEE D:E l}:-l- I}?I_‘r D?S 1 :_ ll-l- lll.‘b

Ex: Graph the parametric curves:

1)x = cos(t),y =sin(t) , 0 <t < 2m.
2)x = acos(t),y = asin(t),0 <t < 2m.

P(cost, sint)
Sol: 1) Since x? + y? = cos?(t) + sin?(t) = 1

as t increases from 0 to 2.

1
-L3

The point (x,y) = (cost, sint).

2)For x = acos(t),y = asin(t),0 <t < 2m, we
have x? + y? = a2, r = a and (x,y) = (acost, a sint).
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Ex: Graph the parametriccurve x =+/t,y =t, t > 0. (H.W)

Ex: Find a parameterization for the line through the point (a, b) having sloping m.
Sol: A Cartesian equation of the lineisy — b = m(x — a).

lett=x—a =>x=a+t&y=b+mt,—o0 <t < oo,
Ex: Sketch and identify the path traced by the point P(x,y) ifx =t +% , y=1t —%
t > 0.(H.W) [Hint: x? — y? = 4]

e Cycloids
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Ex: A wheel of radius a rolls along a horizontal straight line. Find parametric equations
for the path traced by a point P on the wheel’s circumference. The path is called a
cycloid.

Sol: | P(x,y)=(at+acos®, a+asin®)

X-aY) e agiinss Jad Lda] 4l
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,at (2 Gl dus JKE &

¥ (at, a) Abdll s la X e
oo adadill (g giall Jlaal

x = at + acos(0),y = a + asin(6).

amsids,m\‘;ust.kg=37”Og,twgmmgeaﬂun&ﬁgm
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6 = 3;” — t, we get that cos(6) = cos (3771 — t) = —sin(t) also
sin(@) = sin (%ﬂ — t) = —cos(t). Hence x = at — asin(t), y = a — acos(t). Then
x = a(t —sin(t)),y = a(1 — cos(t)),t = 0.
t > 0 Ak ol die ALl Jgai AS jal Fauldl) Al 4 o3a
Remark: sin(A4 + B) = sin(A)cos(B) * cos(A)sin(B).
cos(A + B) = cos(A)cos(B) + sin(A)sin(B).

# Calculus with Parametric Curves

Tangents and Areas. A parameterized curve x = f(t); y = g(t) is differentiable at t,
if f and g are Diff. at t.

dx  dt dx = dx dt = dt dx?  dx

dy’ dy
d dy dt d d dx dx d? d (d e d [ 57 dx
—y_—y'—OF—y_—y+—,SUChthatE:/:O.SO—y=—(£)=%=—<%>/E.

Ex: Find the tangent to the curve.

x = sec(t) y = tan(t) ,—§< t<§

at the point (\/7, 1), wheret =Z

z

Sol: dy _dy ,dx _ sec®t sect
"dx  dt! dt  secttant  tant

=

dy
dx

_ sec(3) =?=\/§,

T - s
Z tan (Z)

The tangent line y — 1 = V2(x — v/2).

T
t== =
4

.'.y=\/§x—1.
. dzy . . 2 3
EFmd@asafunctlonoft,lfx=t—t , y=t—1t">.

d dy ,dx  1-3t? d? dy'
Sol: y/ =2 =22/Z = but — =

y /dx_2—6t+6t2/( 2—6t+6t2
dx dt’! dt 1-2t’ dx? de 7 dt (1-2t)2

1-20) =
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Ex: Find the area enclosed by the asteroid.

Advance Calculus

Since t = % — 1, we have that y"' =

x = cos3(t),y =sin3(t),0 < t < 2m.
Sol: By symmetric, the enclosed area is 4 times,

suchthat0 <t < 2m.So A = 44, = fol ydx

0.5

Mathematics IlI-Lec:Anas.A.H

Xx=cos [,y=sin1

-1 -&j
Since y = sin3(t), dx = 3cos?(t) - sin(t)dt.
A = 4 [7sin®(t) 3 cos®(t) sin(t) dt

_ 12](:5’ (1—cos(2t))2 (1+cos(2t)) dt

2 2

= gfog(l — 2 cos(t) + cos?(2t))(1 + cos(2t))dt

= %fg(l — 2 cos(t) — cos?(2t) + cos3(2t))dt

=2 [(t - sin(Zt)) - (t + Zsin(2t)) +- (sin(Zt) - gsin?’(Zt))] ;

# Length of a Parametrically defined Curve

Let C be a curve given parametrically by the
equationx = f(t);y = g(t),a < t < b.We assume
the functions f and g are continuously differentiable
on the interval [a, b], s.t f'(t), g'(t) are exists. The
smooth curve, we subdivide the path(arc) AB into n
pieces at points A = Py, P;, P,, ..., B, = B, the points
correspond to a partition of the interval [a, b] by
a=ty, <t <t,<--<t, =b,where

P, = (f(tr), g(tr)) the length L, = \/Axi + Ay?
by Fig(2) Axy, = f(ty) — f(tx—1) = f'(tp)Aty.

4

057

3w

0.3

Fig(1)
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Ay, = g(ty) — g(ti—1) = g' DAt = Tioy L = Yoy VAXE + Ayg

=Y )2+ g' ()% At asn - o or ||P|| - 0, we have

Py
n b —
Jim Y JF@? + g6 an = | PR+ g@Rde
k=1 a
2 2 Ly Ay
Or by Leibniz relation, we have L = f;\/(%) + (%) dt. .
Py
|
A Fig(2)

Ex: Using the definition, find the length of the circle radius

r defined parametrically by x = rcos(t),y = rsin(t),0 < t < 2m.

2 2
Sol: By definition, L = ff \/(%) + (%) dt, we find % = —rsint, Z—Jt’ = rcost.

dx\* dy2
bt SN 2(cin2 24 — .2
(dt) +(dt> re(sin“t + cos“t) =r

o L= fomx/r_zdt =71t |2(;T = 2nr.
Ex: Find the length of the asteroid x = cos3(t),y = sin3(t),0 <t < 2m.

Sol: Because of the curve’s symmetric w.r.t the coordinate axes, it’s length is four times
the length of the first-quadrant portion, we have

dx\’
(E) = (3cos?t - (—sint))? = 9cos*t - sin’t

A2
(d_jt]) = (3sin?t - (cost))? = 9sin*t - cos?t

dx\%  7dy\?
\/<E> + (d_)tl> = \/9sin2t - cos?t(sin?t + cos?t) = y/9sin?t - cos?t = 3sintcost

Ly = [Z3sintcostdt =2, + L = 4L, = 4 G) = 6.

5
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# The Arc Length Differential

Letx = f(t);y = g(t),a < t < b, the arc length definition by

S(t) = fat Jf (2% + g'(z)2dz. Then, by the Fundamental theorem of calculus

ds 7 7 _ dx\ 2 dy 2
& PP = (L) +(2)"
The Diff. of arc length is ds = \/(%)2 + (%)Zor ds = \/(dx)z + (dy)?.

Remark: The Cartesian formula, where

2
x=g(}’),0LSySb,thenL=f;j 1+(Z—§) dy. Or

2
J’=f(x),a§xsb,the”l':f; 1+(Z_i) dx.

Ex: Use the Cartesian formula to find the length of each curve. (H.W.)

Ex: Find the arc length y = a cosh (g)

Sol: L= 1+(3—§)2dx = Z—zzasinh(g)-%zsinh(z)

L= f\/l + (sinh (g))z dx = [ (cosh (g))z dx = asinh (g) = % = sinh (5) So

a

x = asinh™! (é), but (2)2 = sinh? (5) = cosh? (g) —1andy = acosh (g)

a

g (5)2 = (%)2 —1.Theny = VI2 + a2

a
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2 2
Ex: Show that y = a cosh (g) satisfies, the Diff. Eq. % =% 1+ (Z—Z) provided

H
a=—.
w

Sol: y = acosh (g), so y' = asinh (g) -

substitution the equation, we have

O L=l 1+ ) = (o D)

= icosh (g) = %cosh (E) Theny =a cosh(

Qr

= sinh (g) also y"' = %COSh (E), by

2

QIR

) satisfies.

Ex: For the Fig(*). Show below, show that

d? w dy\ 2
Y _¥% 14+ (_y)
dx? H dx

where H=Horizontal tension force and w=weight for unit length.

Sol: H = Tcos# ...(1); ws = Tsin8 ...(2) Al LS Hall il cous
Dividing (2) by (1), we have :‘ZZ;Z = tanf = % )
the slop - L — tang =2 =
dx H

2 2
dx H dx dx wdx

(ds)? = (dx)* + (dy)?,
therefore ds dy

ds? _ dy 2
(5) =1+ () thus —

d dy\? .
(d—;) =1+ (é) , we put in (3). Then
d’y _w AR 24 ot g
=2 1+(E) S 5 6 ey ALl Alilae Ji o s
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# Area of Surfaces of Revolution

If a smooth curve x = f(t) ; y=g(t),a <t <b, is traversed exactly once as t
increases from a to b, then the area of the Surfaces generated by revolving the cure
about the coordinate axes are as follows.

1) Revolution about the X-axis (y = 0)
b
s=[om |(3) +(3) «
- )™ \ae dt
a
2) Revolution about the Y-axis (x = 0)

b 2 2
5= [2nx () +(5) @
=) 2™ [\t dt

a

Ex: The standard parameterization of the circle of radius 1 centered at the point (0, 1)
in the XY-plane is x = cost,y =1+ sint,0 <t < 2m. Use this parameterization to
find the area of the surface swept out by revolution the circle about the X-axis.

Sol: We evaluate the formula

dx

S = TT Zny\/(a)z + (%)2 dt = TT 2 (1 + sint) \/(—sint)z + (cost)?dt

0 0

=2m fozn(l + sint ) dt = 2n(t — cost) 2(;1 = 4m?

# Polar Coordinates

To define polar coordinates, we first
fix an origin O (called the pole) and an
initial ray from O Fig(4). Then each P ©)
point P can be located by assigning to

it a Polar-Coordinate pair (r,8) in T
=0

which r gives the directed distance

from 0 to P and @ gives the directed Lo i © : . . J 4
0<0

angle from the initial ray to ray OP.
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o

Ex: Find all the polar coordinates of the point P (2, 7T).
Sol: r = 2, the complete list of angles is %,% + Zn,% + 4m, ...
Forr = —2, the angles are
5t 5w 51 p(z i)
——,——x2n,——=+4m, .. '6
6 6 6
In 7

The corresponding coordinate pair of pare 5

(2,% + 2n7t) and (—2, — 5?” + 2nn), . . .

n=0,+1,42,..., when n =0, the formula give
(2,%) and (—2,—5?”), when n =1, they give

[
[ ]
1

(2,13’—”) and (—2,7—n), and so on. 6
6 6
Remark: S saa) 5 48y )l (1 SU Gaas o Sy Adadl) cililaay) b

e @L@—!\)f A=y 3&\)]\ adaail) sel B (Sa Lﬁi ,(—7",77,' + 9) Ji (7",9)—) i Ui S P sl (1
galdl) LYY B AL el Al A Al S (K e 5 g 2

(r,0 + 2nm),(—r,(0 £ ) + 2nm),n =0,+1,£2, ...

Yl o Jsanlly d6lSie C¥olae 20 2agi gl paaly e (o KT 2al gl il (2
e 9xill Jaaios 45800l

r->—-r;0-m+80

A Aalaall padciess | GSally Sl (7, ) Apdadll I (x, ) Fasd WS cldlaa) Jysatl (3

Equations relating polar and Cartesian o
coordinates: 2
x = rcosf,y = rsiné (x, y)=P(r, ©)
r? =x2 + y? tanf =¥ / y
. 0 e=0 =0
T x 1 T
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Ex: Find a polar equation for the circle

x2+(y—3)2=09.

o
Sol: x>+ (y—3)2=9 X2 +(y—3)2 =9

x2+y2—6y+9=9
x2+y? =6y = r?=6rsinf = r = 6sinf.

Ex: Replace the following polar equation by equivalent

Cartesian equation and identify their graphs. (H.W.) E N 4 i 2

1) rcosf = —4 2)r? = 4rcos6 3) =

~ 2cosf-sing
Ex: Show that r = cos6 + 1 and r = cosf — 1, represent the same curve.

Sol: r=cos8+1 = —r=cos(0+m)+1

= —r = [cosOcosm — sinBsinm| + 1

= —r=-—cos(f) +1,=> r =cos(0) — 1.

Ex: Replace P(r,68) — P(x,y) and graph. rcos (9 — g) = 3. (H.W.)

# Graphing in Polar Coordinates

Symmetry tests for polar graphs

1) Symmetry about the X-axis: if the point(r, @) lies on the graph then the point
(r,—0) or (—r,m — ) lies on the graph.
cos(—6) = cos 0 ) WS x e Jsa hlila ()5S Lt 05 0 e ssing Snia sl o

10
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2) Symmetry about the Y-axis: If the point(r, 8) lies on the graph then the point
(r,T — 0) or (—r,—0) lies on the graph.
sin(—0) = —sin 6 i 5wy e o hliie (S L 5in G Lo g sing Fnia gl o

..
&

3) Symmetry about the origin: If the point(r,8) lies on the graph then the point
(—r,0) or (r,m + 0) lies on the graph.
dm‘}(\&mdﬁ)lal_ﬁ.aujig ,Lﬁérz g;ccﬁjjé-’..g,—‘é-“gﬁ\ °

o (I', e)

Ol Apkadl) ) glaall & Asiall sy 2ic:Remark

e 0 00 250a 3358 X )eaall Jsa Hhliie Jaiall GIS 13 (1

§<__gwgqu;sjﬁy”g\dpﬁmﬁw\dmsi (2

,g<—OQA9 253n 34 g Jeal) Aaii) XY staall el Jgn laliie sl S0 (3

11
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e (1) Lines in Polar Coordinates

ax + by =c — r(acosd + bsinf) =c a,b,c ER
Ex: Sketch the following in polar coordinates
1) rcosf =2 2) r = 3sech 3)r=2secl 4)r = —2csch
5) § =2 6)r = ——

4 2sinf—-3cos6’

Sol: +
1) rcos@ =2 — x = 2. |
2) r =3secl = rcosd =3 — x =3.

A
3) r=2secl = rcos(@—g)—Z

> 7T (6059 cos (g) + sinf sin (g)) =2

1 V3
= r(zcosﬁ +7sin9> =2

= rcosf ++/3sind =4 — x +/3y = 4.

4) r = =2¢cscO = rsind = -2 —y=—-2. T

5) 0 = %n, since @ = tan™ ! G), y=-2

sotan‘l(i) :%n: %ztan(%n) :>§: —1=>y+x=0.

6) r= m = r(2sinf — 3cosf) =2 — 2y —3x = 2.
Remark:

rcosd@ = a — line // y-axis.
rsinf = a — line // x-axis.

6 = 60, — line through origin with angle 6.

12
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e (2) Circles in Polar Coordinates

(x—h)?>+(y—k)?>=a*> — r?=a%-p?+2rpcos(@—p)
a? — p? =r? — 2rpcos(8 — B); where
(r,8) da¥) ddai e S Hall any ip
5l L Caai - g

30l e e dhis cililaal 1 (7, 9)

el 4l 58
B

0

e Spatial case:

1) When p = a, 7% = 2rpcos(8 — B) orr = 2pcos(8 — B), so

if 6 =0,r = 2pcosPalso if § = %, r = 2psind.

2) If p=0,wehaver =a.
Ex: Sketch the following in polar coordinates: (H.W.)

1) r = 4cos@ 2)r = —4cosf 3)r =5sinf 5)r? =09,
Lemma: Let a,b € R and a, 0 are angles, then
asin® + bcosd = va? + b%cos(f — «) , such that « = tan™?! (%)
Ex: Sketch r? = 7 — 2rsinf + 3rcos®. 7% =7 — 2rsin@ + 3rcos6

Sol: 72 = 7 + (—2rsin®) + 3rcosb

=7+ (—=2)?+ 3%rcos(0 — a);

330

[
a4
aa
]

"1
L

a =tan~?! (— %) = —33°,

(1.8,-339)
r? =7 +v13rcos(6 + 33°).
[ 3Y

:\‘x—;, +Hy+D) = 7

-

13
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By Circle Eq. a? — p? = r% — 2rpcos(8 — B); we have 2p = V13 = p = 1.8, also
a’?—p?=7 2a®= 4:1 = a = 3.2 radius, § = —33°, so center (p, B) = (1.8,—33°).

17 (3Y

Ex: Sketch 72 =2—7rsind x:+!\ "HE,I =13

1) r2 =2 —rsinf 2)r = 2sinf + 5cosf

Sol: 1) %2 = 2 —rsind = 2 — rcos (9 — E)
2

@_
L
—_
in

=>2:r2+rcos(9—z),so 5 -
2 (-0.5,90°)

=12 p=|-g=5=5

1n

3
~ center (p, B) = (—— —), a*—p?=2=>a=:.

2’2

2) r = 2sinf + 5cos0, by lemma, we have that

2
r=vV4+25cos(f —a); a =tan~?! (E) = 21.8°

= r =+/29cos(f — 21.8°).

First graphing the curve r = V29cos#0, and shifting
angle by 21.8°. Hencep = a

= 2a =429 = a=26;C(2.6,21.8°.

Remark: ~siall 53 e &l 1 = f(0 — a) gl an)

(e lall e (uSe Yo ol 5I s gall olaiWL Anlie @ 45l 0 1 = £(0)

¢ (3) Lima cons and Cardioids

Equations of the form
r=a = bsinf ...(1)

r=a % bcosO ...(2)
a

[Z< 1;%= 1;1 <%< 2;%2 2] .%)\Mmﬂ% (Lima cons) JSil c¥laia) 4y )l aa 53

14
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Lima cons are called “Cardioid”, when a = b.

= a — bsing

r=a+ bcos@

Ex: Sketch the following graphs:
1) r = a(l — cosB) 2)r =a(l + cosB)
3)r =a(l1 + sind) 4)r = a(1l — sinf)

Sol: 1)r = a(1 — cosf) ,0 < 0 < m, since the curve
symmetric about X-axis

0

0 T
0 2a

N Qw| ]

T 2m
2|3
3a

2

15
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2) r=a(l+cosf) ,0 <0 < m,since the curve
symmetric about X-axis

g 0 | ™ T 2n| ¢
32|37
r|{2a|3alal 2|0
23 2
3) &4)(H.W.)

Ex: Sketch the following:

Mathematics IlI-Lec:Anas.A.H

a
, la
I

1) r=14cosO 2)r =2+ cosO 3)r =1+ 2cosb

4)r = 2 — cosb

5)r =1— 2cos6

Sol: 1) = 1 + cosO , symmetric about X-axisand a = b

@ 0|7 2m| ¢
3123
r2|§|1|1 0
2 2
2)r=2+cos@,theng—2
90’2’77
2
1"3]2’1
3) r=
g|o| ™ |T|T2n| ¢
6 13/2| 3

r|3)27/2|1]o0 |1

_/

(A

1 4+ 2cos6 , Symmetric about X-axis% = é

4) r =2 —cosl, then% = 2, Symmetric about X-axis

0|0 |n
2
r{1|2|3
5)r=1—2c059,%=

1
5 (H-W.)

16

r =2+ cosO 5

I I
T T
I
1 1
-1 1
-1

r=1+4 cosO
1_
-1
24
r=1+ 2cos@

r=2—cosb
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e (4) Lemniscates

If a > 0, then the equations of the form

r? = +a? cos(20) ... (1)
r? = +a?sin(20) ... (2)

are called “Lemniscate”. Leminscate always symmetric about {X-axis, Y-axis, Origin}.
Remark:

» —cosf = cos(6 — m) also —cos(26) = cos 2 (9 - g)

» sinf = cos (9 — g) also sin(26) = cos 2 (9 — %)
Ex: Sketch the following:

1) 72 = 8 cos(26) 2) 7% = =9 cos(20) 3)r? = —165sin(20)
Sol: Let a the angle od around, then

1) r? = 8 cos(26), then a? = 8,

soa = 2‘/5- a = 0. ] r? = 8cos(28)

2)7% = =9 cos(28), then —a? = —9,s0 a = 3.

Orr? =9c032(9—§).a=§.

3) r?2 = —165sin(28), then —a? = —16,s0a = 4. Or
r? = —16c0s2 (9 —

s
4

1
1
]

). Therefore r? = 16cos2 (9 — %n) a =

]
T
2

= —é cos(28)

|
g

3 2 1
2 = —16sin(28)
-1

i
(¥
L

17
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Ex: Sketch the following:

2 _ _r 2 _ r_
1) r2 = 9cos(29 3) 2)r _16cos(4 29)
3) r2 =8cos?60 — 4 4)r? =9 —18sin% 6

Sol: 1) 72 = —9 cos (29 — g)

:>r2=—9c052(0—%) .

T
21T 2= —9cos(20 ——
:>r2=9c052<9—?) ( 3)'

2T
Soa =—.
3

2) r?2 =16 cos G - 29)

= r2=16c052(8—§).a=%

o

) _?"2 = 16cos G— 29)

3) 72 =8cos* 0 — 4

= 1?2 =4(2cos?6 — 1) = 4cos(26).

4) r> =9 —18sin* @

= r2 =9(1 — 2sin? ) = 9cos(26).

] ]
I 1
1 2

r?=9—18sin%@

18
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Ex: Sketch the following: (H.W.)

1) 72 = +a?sinf 2)r? = +a?cosf 3)r?=9cos (9 + %)

e (5) Rose Curve

Equations of the form
r=asinn)n>1,nezt
r=acos(m)n>1,nez*

Represent flower-shaped curves called Roses

Remark:

Lajlase n QSN A8 ) (n) 3 sas amy (osSs o
_’t_);}j\m (n) VS 131 48,5 (2n) Q\AEJJJVWJQ}S:‘ o

Ex: Sketch r = cos26

mw 3w 51 mw 3w 571
Sol: whenr =0 = c0s20 =0 =>20=-,—,—,... @ 0=—-,—,—, ...
2 2 2 4" 4 4
4w 8m 12w
Sor=1 = cos20 =1 = 20 = 0,7,7,7,... = 0 =0,m2m, 37, ...
2w 6m 10w m 3w 51
alsor=—-1 = c0s26=-1>320=—,—,—,... > 0 ==,—,—, ..
2 2 2 2° 2 2
T
2
3T z
T 051 4
i l
R 05 03
4, 05+
1\
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Ex: Sketchr = sin36  3-leafs

2w 41 6T

. T
Sol: whenr =0 = sin30 =0 = 360 =0,7,7,7,... = 0 =0,;,?,7T.-
. mw 5m 9m 37 7m 11w
Sor=1=>sin3=1=300=-—,—,.. > 0=—,—, —,.
2’272 6’6’ 6
. 3t 7m 11w 3t 7m 11m
alsor=-1 = sin30=-1=30=—,—,—,.. > 0 =—,—,—,.
2’27 2 6’6" 6

e (6) Spirals

Equations of the form

r =af, 8 = 0 anticlockwise

r=a6l, 0 <0 clockwise

bl 5 A sall G af g s23 g AL ABNle (o) o g siaY (kl adie g an) e e

Ex: Sketchr = 8,0 > 0, symmetric about Y-axis T

Intersection points of X-axisr = 0 = 0, m, 2m, 37, ...

Intersection points of Y-axisr = 8 = %,
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Ex: Sketch r = 92

N

Ex: Sketchr = +V/0

f}
Sol: the r = e? has no symmetric

Ex: Sketch r = e?

CHAPTER TWO
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# Areas and Length in Polar Coordinates

Area of the Fan-shaped region between the origin and the curve r = f(8),a < 6 < .

B

A—jl 2de
= Er

a

This is the integral of the area differential d4 = %rzde = %(f(Q))ZdQ.

Ex: Find the area of the region in the plane enclosed by the
cardioid r = 2 4+ 2cos8.

2w 1

Sol: A= [">r2df = [ ~4(1 + cos8)? db

)

= fozn(Z + 4cos6 + cos26) d6 = 6m.

Ifr =a(l+ cosf) A =?

i

e Areaoftheregion0 <nr(0) <nrn(0), a<0<p.

B B B
1 1 1
4= f ~ (ra(8))2 0 - f ~ (r(6))? dO = f ~(r? —n?)df

a

Ex: Find the area of the region that lies inside the Circle
r = 1 and outside the Cardioid r = 1 — cos6.

Sol:, =1 andr; =1 — cosf. From Fig, —% <0< %

|

NI vy
|

NI E e NI

1 1
A= E(T'zz —n?)do = 5(1_ (1 - cos6)?) do
B ™ 5 = (14cos26)
=2 fOZE(ZCOSQ — c0s%0)do = fOZ(ZCOSH — ) df = T
A =24,

22
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Ex: Find the area outside the Circle r = %and inside the curve r =

Sol: First, we find the intersection point. % = acos20

=

NE!

=cos20, 220=2,-2s5¢9=2 —
3’ 3 6

N |-

CHAPTER TWO Mathematics Il-Lec:Anas.A.H

acos?20.

VA
6
1
A=8A,=8 E(rz2 —7r,%)d6
0

i wmma-sfs
0

Ex: Find the area inside the Circle r = 5sinf and outside the curve r = 2 + siné.

Sol: First, we find the intersection point 5sinf = 2 + sinf

5w

= 4sinf = 2 = sinf = -

N |-

s
>0=-,

6
51

6
1
A - j E(TZZ _T'lz)dg - 2A1
A
6

3

Y
2
1 8m
=2 f E((Ssin@)2 — (2 4 sin)?»)do = — + 3
s
6

Ex: Find the area of the intersection r = 2asinf ,r = 2acos0.

Sol: Find the intersection point, 2asinf = 2acos6 = tanf = 1,then 6 = —.

El El ]
A = fo‘*g(rzz —1,2)do = fo‘*z((Zacos@)2 — (2asin@)?)do

2

— 242 fo% ((1+60529) _ (1—0;)520)) do = 2q2 f;zt cos26 = a2.
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Ex: Find the area inside 72 = 2a?c0s20 and outside r = a.

Sol: intersection point, 2a%cos26 = a? = co0s26 = %, then 6 =

Vs
6
1
A = 4A1 == 4 E(T‘ZZ - T‘lz)de
0

1
- a-cos —a
- (2acos26 — a?)do

Il
N
o'\‘o\m

= 4q?

(o015

O — o3

Ex: Find the area inside r = a(1 + sinf) and outside r = asinf.

Sol: 4, = (%)2 = %az.

a’(1+ sin6)? do

35— N

2
1— cos260 // P

= a? _£ <1 + 2sinf + (T)) do A -

VA
2
A zfl 246
= -1 =
2 2
T
2

1 SmZB]

= -2
=a [ 0 cosO — >

Then A = 4, — A, =~ a2,

24
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# Arc Length of a Polar Curve

We can obtain a polar coordinate formula for the length of curve r = f(0),a < 6 < §3,
by parameterizing the curve as x = rcosf = f(6)cos ,y = rsind = f(6)sinb
a < 6 < . The parametric length formula equation, then gives

2

B dx\? dy , _
L= j (@) + (@) dO s.tdx = —rsin0df + cosOdr; dy = rcos0d + sinfdr
a

This equation becomes

; 2
L= L r2 + <Z—;) do s.t (ds)? = (rdf)? + (dr)?

Ex: Find the length of the cardioid r = 1 — cos8.

dr .
Sol:r=1——cosf = == sin@

2

2 2 dr 2 02
(ds)c=r=+ (@> = (1 — cos0)* + (sinf)* = 2 — 2cosH

2T 2T 6
L= j V2 — 2cos8 df = j 4 sin? (§> do
0 0

2T 9
=j Zsin<—)d9=8
0 2

Ex: Find the length of r = a(1 + cos6). (H.W.).

Ex: Show that the point (2a, ), contains in the intersection r = a(1 — cos6)d
r? = 4a®cos0.

Sol: Curve 1: 2a = a(1 + cosn) = a(l — (—1)) = 2a - containsinr = a(1 — cos0).
Curve 2: 4a? = 4a’cost = 4a® = —4a? (no right), so take clockwise point

(—7,0 — 1), then 4a? = 4a?(1) = 4a?. Satisfy 2.
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