Ring Theory Lecture Two

Examples:

1- Forn > 1 then (nZ,+,.) is commutative ring but without identity.
27 ={0,F2, F4,F6, .. ... ... } = (2)
2- The square matrix (M,,«,, +,.) IS a ring with identity but does not
commutative. Why?
3- (Z,,D,®) is a commutative ring with identity (set from 0 to n-1).
4- The set of natural numbers N is not a ring because it is not a group.

5- (Q,+,.) isaring.

Example 2. Prove that the set R = {0,1,2,3,4,5} is a commutative ring
with respect to the operations of addition (mod 6) and multiplication
(mod 6).

Sol. The composition (+) table is

+ 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4
(i)  Since all possible sums belong to R, therefore, R is closed w.r.t.

addition (mod 6).
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Associative law holds because a+ (b+c)=(a+b)+c =

a + b + c under addition (mod 6)

Here O is the additive identity because a + 0 = a = 0 + a (mod

6).

From the table we see that

M 1=0,(1D)1t=50@2)1=403)1=34"1=206B)1=1

-~ the inverse of every element exists.

(v)

The composition (x) table is

Commutative law holds because a + b = b + a (mod 6).

+ 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
23 0 4 2 0 4 2
5 0 5 4 3 2 1
(vi) From the composition table it is clear that R is closed for
multiplication.
(vii) Associative law holds because a X (bxc)=(axb)Xc =

(viii) ax (b+c)=ax[b+c]

a X b x c under multiplication (mod 6).
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Where [b + c] is the least non-negative remainder obtained when b +
c is divided by 6

= [a(b + c)] reduced modulo 6
= [ab + ac]
= [ab] + [ac]
=(axb)+ (axc)
Thus R is a ring.
(ix) Commutative law holds because a.b = b.a (mod 6)

Hence R is a commutative ring.
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