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PROPERTIES OF RINGS 

Let (𝑅, +, . ) be a ring, then ∀𝑎, 𝑏 ∈ 𝑅, 

(i) 𝑎. 0 + 0. 𝑎 = 0, where 0 is additive identity. 

(ii) 𝑎(−𝑏) = −(𝑎𝑏) = (−𝑎)𝑏. 

(iii) (−𝑎)(−𝑏) = 𝑎𝑏 

Proof. (i) ∀𝑎 ∈ 𝑅, 

𝑎. 0 = 𝑎. (0 + 0) = 𝑎. 0 + 𝑎. 0  

                                                               [𝐵𝑦 𝑅𝑖𝑔ℎ𝑡 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝐿𝑎𝑤] 

⟹ 0 = 𝑎. 0               [𝐵𝑦 𝑟𝑖𝑔ℎ𝑡 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝑠𝑖𝑛𝑐𝑒 

                                          𝑅 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛] 

⟹ 𝑎. 0 = 0 

Similarly 0. 𝑎 = 0 

Hence 𝑎. 0 = 0. 𝑎 = 0 

(ii) 𝑎[𝑏 + (−𝑏)] = 𝑎. 0 = 0   [𝐵𝑦 𝑝𝑎𝑟𝑡 (𝑖)] 

⟹ 𝑎𝑏 + 𝑎(−𝑏) = 0 

⟹ 𝑎(−𝑏) = −(𝑎𝑏) 

Similarly (– 𝑎)𝑏 = −(𝑎𝑏) 

Hence 𝑎(−𝑏) = −(𝑎𝑏) = (−𝑎)𝑏 

(iii) (– 𝑎)(−𝑏) = −[(−𝑎)𝑏] = −[1 − (𝑎𝑏)] 

                                    = 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 (𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎𝑏) 

                                    = 𝑎𝑏 
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Example 9. If 𝑅 is a ring with unity element 1, then 

(i) (−1). 𝑎 = −𝑎 = 𝑎. (−1) 

(ii) (−1). (−1) = 1 

Sol. (i) [1 + (−1)]. 𝑎 = 1. 𝑎 + (−1). 𝑎 [𝑅𝑖𝑔ℎ𝑡 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑣𝑒 𝐿𝑎𝑤] 

⟹ 0. 𝑎 = 𝑎 + (−1). 𝑎 

⟹ 0 = 𝑎 + (−1). 𝑎 

∴ (−1). 𝑎 = −𝑎 

Similarly 𝑎. (−1) = −𝑎. 

(iii) (−1). (−1) = −(−1)     [𝐵𝑦 𝑝𝑎𝑟𝑡 (𝑖)] 

= 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 (𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 1) = 1. 

 

CANCELLATION LAWS IN A RING 

Let (𝑅, +, . ) be a ring . since (𝑅, +, . ) Is an abelian group, therefore, 

cancellation laws for addition hold good. We also say that the cancellation 

laws for multiplication also hold good iff ∀𝑎, 𝑏, 𝑐 ∈ 𝑅, we have 

𝑎 ≠ 0, 𝑎𝑏 = 𝑎𝑐 ⟹ 𝑏 = 𝑐 [𝐿𝑒𝑓𝑡 𝐶𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝐿𝑎𝑤] 

and 𝑎 ≠ 0, 𝑏𝑎 = 𝑐𝑎 ⟹ 𝑏 = 𝑐 [𝑅𝑖𝑔ℎ𝑡 𝐶𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝐿𝑎𝑤] 

Theorem. Prove that a ring R is without zero divisors iff the cancellation 

laws hold in R. 

proof. Let R be a ring without zero divisors. 

Let 𝑎, 𝑏, 𝑐 ∈ 𝑅 be three elements such that 

𝑎. 𝑏 = 𝑎. 𝑐 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0 
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⟹ 𝑎. 𝑏 − 𝑎. 𝑐 = 0 

⟹ 𝑎. (𝑏 − 𝑐) = 0 

Since the ring is without zero divisors and 𝑎 ≠ 0 

∴ 𝑎. (𝑏 − 𝑐) = 0 ⟹ 𝑏 − 𝑐 = 0 ⟹ 𝑏 == 𝑐 

Thus 𝑎. 𝑏 = 𝑎. 𝑐 ⟹ 𝑏 = 𝑐 

i.e., left cancellation law holds good. 

Similarly, right cancellation law holds good. 

Conversely. Let us suppose that cancellation laws hold good in R. 

Let, if possible 𝑎. 𝑏 = 0 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0, 𝑏 ≠ 0. 

Then 𝑎. 𝑏 = 0 ⟹ 𝑎. 𝑏 = 𝑎. 0 ⟹ 𝑏 = 0 [𝐵𝑦 𝐿𝑒𝑓𝑡 𝐶𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝐿𝑎𝑤] 

Which contradicts the assumption 

∴ 𝑎. 𝑏 = 0 ⟹ 𝑒𝑖𝑡ℎ𝑒𝑟 𝑎 = 0 𝑜𝑟 𝑏 = 0 

𝑜𝑟 𝑎 = 0 𝑎𝑛𝑑 𝑏 = 0 

i.e. R is without zero divisors. 


