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Conclusions.  

(I) Every field is a division ring but not vice-versa. 

(II) Every field is an integral domain but not vice-versa. 

(III) A field is a commutative division ring. 

Example 10. (i) Give an example of a division ring which is not a field. 

(ii) Give an example of an integral domain which is not a field 

Sol. (i) The set of matrices 

[
𝑎 + 𝑖𝑏 𝑐 + 𝑖𝑑

−𝑐 + 𝑖𝑑 𝑎 − 𝑖𝑏
], where 𝑎, 𝑏, 𝑐, 𝑑 are real numbers is a division ring 

which is not a field. [∵ Matrix multiplication is not, in general, 

commutative]. 

(ii) The ring of integers is an integral domain which is not a field because 

all the elements do not have multiplicative inverses. 

Example 11. Show that the commutative ring D is an integral domain if 

and only if for 𝑎, 𝑏, 𝑐 ∈ 𝐷, with 𝑎 ≠ 0 the relation 𝑎𝑏 = 𝑎𝑐 ⟹ 𝑏 = 𝑐. 

Sol. Let 𝐷 be an integral domain 

i.e. 𝐷 has no zero divisors. 

we have: 

𝑎𝑏 = 𝑎𝑐     ⟹     𝑎𝑏 − 𝑎𝑐 = 0 

⟹                      𝑎(𝑏 − 𝑐) = 0       ⟹          𝑏 − 𝑐 = 0 

                                                 [∵ 𝑎 ≠ 0 𝑎𝑛𝑑 𝐷 𝑖𝑠 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟] 

⟹                                    𝑏 = 0 
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Conversely. let 𝑎𝑏 = 𝑎𝑐 ⟹ 𝑏 = 𝑐 

If possible, let 𝑎𝑏 = 0, where 𝑎 ≠ 0, 𝑏 ≠ 0. 

Then we have 𝑎𝑏 = 𝑎. 0          [∵ 𝑎. 0 = 0] 

⟹                     𝑏 = 0               [𝐿𝑒𝑓𝑡 𝐶𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝐿𝑎𝑤] 

which is contradiction. 

Hence 𝐷 is without zero divisor i.e., 𝐷 is an integral domain. 

 

CHARACTERISTIC OF A RING 

If 0 denotes the zero-element of a ring 𝑅 and suppose there exists a positive 

integer 𝑛 such that  

𝑛𝑎 = 𝑎 + 𝑎 + ⋯ + 𝑎 = 0  ∀𝑎 ∈ 𝑅 

The smallest such positive integer 𝑛 is called the characteristic of the ring 

𝑅. 

if such an integer 𝑛 does not exist, the ring is said to have characteristic 

zero or infinite. 

All the rings have characteristic zero. 

The ring of integers modulus 6 has characteristic 6 since 

{1} + {1} + {1} + {1} + {1} + {1} = {6} = {0} 
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Example 12. Let 𝑎, 𝑏 be commutative elements of a ring 𝑅 of characteristic 

two. Show that  

(𝑎 + 𝑏)2 = 𝑎2 + 𝑏2 = (𝑎 − 𝑏)2 

Sol. We have:              𝑎𝑏 = 𝑏𝑎      for    𝑎, 𝑏 ∈ 𝑅 

since characteristic of 𝑅 is two, 

∴ 𝑥 + 𝑥 = 0    ∀𝑥 ∈ 𝑅 

Now                    (𝑎 + 𝑏)2 = (𝑎 + 𝑏)(𝑎 + 𝑏) 

   = 𝑎𝑎 + 𝑎𝑏 + 𝑏𝑎 + 𝑏𝑏 

  = 𝑎2 + 𝑎𝑏 + 𝑏𝑎 + 𝑏2 

                                     = 𝑎2 + 𝑥 + 𝑥 + 𝑏2    [𝐿𝑒𝑡 𝑎𝑏 = 𝑏𝑎 = 𝑥] 

                                           = 𝑎2 + 𝑏2 

similarly             (𝑎 − 𝑏)2 = (𝑎 − 𝑏)(𝑎 − 𝑏) 

                                           = 𝑎. 𝑎 + 𝑎(−𝑏) + (−𝑏)𝑎 + (−𝑏)(−𝑏) 

                                           = 𝑎2 − 𝑎𝑏 − 𝑏𝑎 + 𝑏2 

                                           = 𝑎2 − (𝑎𝑏 + 𝑏𝑎) + 𝑏2 

                                           = 𝑎2 − (𝑥 + 𝑥) + 𝑏2    [𝑥 + 𝑥 = 0] 

                                           = 𝑎2 + 𝑏2. 
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Example 13. The characteristic of an integral domain is either zero or a 

prime number. 

Sol. Let 𝐷 be an integral domain. 

Let 𝑎 ∈ 𝐷, 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0 

If 𝑂(𝑎) = 0, then characteristic of 𝐷 is zero. 

If 𝑂(𝑎) is finite, then characteristic of 𝐷 is 𝑝. 

To prove. 𝑝 is prime  

Suppose that 𝑝 is not prime. 

Then 𝑝 = 𝑝1𝑝2, 𝑤ℎ𝑒𝑟𝑒 𝑝1 ≠ 1, 𝑝2 ≠ 1 𝑎𝑛𝑑 𝑝1, 𝑝2 < 𝑝. 

Since 𝐷 is an integral domain, ∴ 𝑎 ≠ 0 

⟹                   𝑎𝑎 ≠ 0              ⟹                 𝑎2 ≠ 0 

Now          𝑂(𝑎) = 𝑝              ⟹           𝑂(𝑎2) = 𝑝 

⟹                𝑝𝑎2 = 0              ⟹      (𝑝1𝑝2)𝑎2 = 0 

⟹     (𝑎2 + 𝑎2 + ⋯ 𝑡𝑜 𝑝1𝑝2 𝑡𝑒𝑟𝑚𝑠) = 0 

⟹  (𝑝1𝑎)(𝑝2𝑎) = 0 

⟹ 𝑒𝑖𝑡ℎ𝑒𝑟    𝑝1𝑎 = 0     𝑜𝑟      𝑝2𝑎 = 0 

[ 𝐷 𝑖𝑠 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟] 

But                 𝑝1 < 𝑝    𝑎𝑛𝑑      𝑝2 < 𝑝 

Also 𝑝 is the least positive integer such that 𝑝𝑎 = 0. 

Hence 𝑝 is prime. 


