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Elementary Properties of Quantum Mechanics
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Wave function: is the amplitude of the matter field which associated the moving

particle, and denoted .
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Obser vable and Oper ator Sigall g adaadlal) dasl)

Observable: any physical property which can be measured
Example: energy, momentum, position, angular momentum, total energy, potential

energy ....etc
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Operator: any mathematical entity which acts on a wave function and change it to

another function.
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Example 3: By using the eigen value equation show that the function y,(X) = sin (6x)
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Properties of Operators
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Example: Show that [X, p,]=i#
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Operator A is said to be Hermitian when satisfying the relation:
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p(x,t) =y (xt) w(xt) (Isthe probability density)
Siaal) L)y allall o jan Jaalss ()
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Orthogonality of Wave Function KA PSA(

1. Tow different wave function v, & ., are said to be orthogonal if
I';V:n y,dz =0

2. Wave function that are solution of given Schrodinger equation are usually
orthogonal one to other
andl) Lany ae Baalaia sale () 5S3 AS yidia 5K 5 3l Alilaal Ja 8 055 Al As gall Y1
3. Wave function that are both orthogonal and normalized called (orthonormal) such
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Where the kroneker delta (6,,,,) is function with tow values
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—ih—xw = py (4)
82
-n? == py (5)

. OW
h—=E 6
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2. Q2) By using the classical relation L=F x p show that;
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Expectation Value and Variance (S gldil)) lasl) g dad giall dasdll

If the systemisin state  which is not an eigen state of a such observable, then it
Is not possible to say with certainty what measured value will be found for A. Therefore,
one has to use the average value A which called in Q.M. expectation value of A. It is
defined mathematically as:
Sy ailh A jisallagld e Ay o g s sel) Ay Gogen g gl g Aladl St S
dad gial) el oSN clilSan B e A5 el Jara padiid Al oda Sl A (bl dulee dayy gl
AUl dzaly 11 A8l Luialy ) Jiay (53l 5

IW*AW dr

16
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A=(A =

For normalized  4_ke Al &l 1)
A=(A =y Ay dr

Example:

(Position) sl |1

O =[p Ky dx  easadl A s dadl

(Momentum) 231 2

(P =y Py dx o 311 48 gidl) e
o
=—h—
Py o

.t x 0
=—ih —y dx
() =—ih[y g
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(Total energy) 3l 8Ual Gad giall dadll 3

(Variance) (<Ll

Variance: The deviation in the measured of the operator A from its expected value ( A)
el GlAT 428 giall dagdll e Gelal) daiy Cal i) laie sa s lal)

428 giall Aal) o e Jara Hiag ars buzaly )
A={((A—(A)2)}*

(AR)? =((A=(A)?)

= [y (A=(A)?y dr

:j./,*(AZ —2AA +(A?) y dr

= [y Ay dr— [y QAA)y dr+ [y (A?y dr

(AR)? =(A%) — 2 AXA) +(A)?
(AR = (A2) — (A e (17)
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Example:

1. (Position) o sall A & gl
(A%)? =(x*) = (%*
(x%) :jl//* Py dx
2=y *y dx)?

2. (Momentum) aa Ol A slal)
(Ap)* =(P3) — (P
(P =y piw dx

(P2 =¥ Py d)?

Eigen function and constant of motion AS ) cul g g A1 J) gl

If the Eigen function y of the operator A with Eigen value (a), then all
measurements of the observable (A) lead to the Eigen value (a) i.e. (A) =a then the

observable A iscalled (constant of motion) and it is conserved quantity
oA
Z2=0
(=0

I il e JSAMAY o2 Jie 8 06 (@) Ablie 4 iy A izl dgidlls g Al culs 1

iall YLy A oda Jie 3 (A =a o) ) @ 2 Zadll ) gagin (A) sl el day¥ (5 s
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e oY Al A Adaa Sl sl b Sy @l 5 conserved abdlas 4S5l 38 ja Gy (A) abaadll)

ot

e aY Ll dlth ey

oo ) Al (3 Lol A 341,

a — a ~ * al//
E<A>:A:J.(?Al//+l// AE) dr........o.... (a)
Ih—al// = I-]w
oA PP (b)  Aabeall aladinly
oy .
—lh—=
5 —(HY)

05 (@) Wbl 3 Y0 OV () ALl e sl

- | A * AN | * [
A=[{_ (Hy) Ay -y Ay} dr

Ll e sel) el i3 (e
jAl//(H w) dr :Jl//* H Ay dr

d T
— (A =A==y (HA- AH) v d
LA =A=[v( ) v dz
In Q.M we assume that A=A
Z\Z%Il/l*(ﬁA—Aﬁ)l//dT

Motion equation 4S_all dlilxs
Constant of motion AS_all <l e A

The equation of motion (18) show that the fact the observable A to be motion constant
iIf its operator are commute with the Hamilton operator.

silelell il o Yalgie IS 13138 5m i S A il ol
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Example: Show that the momentum p, of free particle is constant of motion?

Solution
. K2 P2
H=———5+V(X) Sincefreepaticle =——» V(x)=0
2m x>
2 2
KR 0"
2m ox?
il
=—|H,
p=—[H.p]
— 1 oA
p=—(Hp-pH)
h
— A ) ,
py = (Hp—pH)y Yoot Al Pk
- h® 0° h? 0%y
( —h ih—
py h{(2m82)( ) (- )(2m62)}
_i,in* %y in® 83.//
h2moxd 2m ox®
p=0 p=0 p=constanof motion 4 a culi s a3 31 )
Provethat:

a) (BE)=(T)+(V)
ARSI A Fa i) il L) Caliian A8 ) ALY Aad gial) Aall (5 glass FSH AU ad giall Aol
(T.D.SE) ool e sadinall ;S5 8 Alalae i€ Gla )

. Oy 2
Ih—=—Vyw+V
ot y+vy
Sl il e Alalaal) S ¢Sy el Y g
By =TW VW oo (a)
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IW*EI//dT =Iy/*'fwdr+jw*\7y/dr

(E)=(T)+(V) <sihd s,

d 1
b) E<X> _E< Py

ALY e da e X olad) 8 ad 1 Aa8 giall daidl) (g gl e H Ban g (A X AaB gl dadll Hual
OS W gl )

(X) :J.‘//*)A(‘// dx

—< >——I'// Ry dx

*

aV/ *al//
=|X(y—+w ——)dr...........ol a
M= +v" 0 (@
FromT.D.S.E e W (Ao baddaall jS5a 5 5% Aalaa (e
2
ha—‘”_—hvzwwu)w
ot
in e dendly
o _1n e, NOV (b)
ot 2m 17
Led ohal aall (381 jall 330
ow  —ih_, « V(@)
oy _—ihge, VOy ©)
ot 2m 17
ol doani g Al 3 € ¢ b Cilaal) o 8@": caa‘/t’ g
—( >-—j(l// XV —y XV ) dr .o (d)
From Greens Theorem: GRS A ket alaaiuly

j(W*VZXl/l —xy V') dr= j(W*VXl/l — Xy Vi )-ds=0
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The boundary condition imposed on  make the surface integral equal to zero
S (5 g oaband) Sl Jany e 20ad) o )

The probability of finding the particle outside the volume is equal to zero i.e. the wave
function y isequal to zero on the surface
I(W*VZXW dr:jxwzy/*dr
OsS d Aalaall (8 (o il
d Ih * 2 * 2
—(X)=— XVy@y—w VXy) dr...ooooiiil, e
=5 [ XV =y Vi) de e
OS Ll
ViXy =V -VXy
=XV21/1+VI//+VI//
2 2 0
VX =XV +2—y o )
OX
() ra b (f) Adre ymses
« 0
—< >——I(t// XV -y xViy -2y av):) dr

_—ln y/*a—l//dr
m OX

1¢ ., .. 0
= —1h—)w d
mjw( v d

=%Il/f*ﬁxwdr

d . (P 4
a(x>— - 2 slhaall a
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d oV
C) E< Py = —<&>

Rmelly V' A5l RS Al A nd il el s s sla el By 8, Al sial) el i

X Sl

O )
oWl

(PI=[v in L)y dr

_< px> =i _J‘l//

d 8 8W 8;// oy
— = (o F R
S(Po=inf’ P (a)

FromT.D.SE el e saaizall (S5 g 38 dalea (e

32
Y =2, vy
2m

ot
i Gle dandlly
oy _ —h o  V(Ny
i A L VA VAL b
a 2m U7 i ®)
adnall (38 yall 2AL
o' R o_, « V)Y
- =——YV e e
a 2m U in ©
s Jani (@) Al 2 (€) ¢ (b) Halea i g
d e 0,y V oy« V . 0y
—(p)=—in[[y — (Vo +—p)+(—V3y ——y")]d
(PO =[G VA )+ (o VA - ) ] dr
d 28(// . 0 n_, « oy « Oy
el v —Vy—-—Vy —+Vy —]d
o P “ VY TomY Y e TV et
d o *81// ne ¢ Oy
el —_ —V —V —— [V d
(PO =W S Vy=Vy ) de 17V ( )] r
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Apply Greens theorem on the second term
O ) b Ui LS a5 by (3 5 oadans JalSE Al sas g SEN aall e o S plai Gy
OY G2+ s 20y oy +« s OY
—V Ve—ldr=|[*V V—"]-ds
JE Vv Ve dde= [ vy v
=0
6 s s V) asl) JalSs Ll

. VT
=W v Ly ) -vy L dr
OX OX X

d .oV
Y ioy=-fv" Yy d
& (P [w v ar

d oV
R — —( — () \
dt<px> <ax> 2 sllaall s
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Solution of T.D.S.E ) o Badinall Sia g pd Adlae Ja

i 2
2 ) V) ) =in S (8)
2m ot
Joad 44 yla L8 Al A e A ja aplialéi Adolae & e ) (e Baaiaall jSiag 5530 o) Lay
) Lﬁ‘ L AK\PON|FRYY dﬁjeM O S &l yariall
w(rt)=w(r)w(t)

a'/’g’t) :w(r)%(t) ................ ()
Vi (r )= )V ..o, (b)
e deonig dlias i (D) ¢ (8) 0o omsn
32
OV VO () y© =imy () LD
m ot

Sl dumnl (1, 1) le o
1 dy(t) _ — 12 VA (r)
yt) dt 2m y(r)
i O g Gk JS 5 i sall e aaing ) Gl L e 3l e adiag eV ikl ) Y1 Jaa 3l
it il laall (o gl ke JS TN anuaa Aliladll Lag STEG

+V (r)

MESCVCH
w(t) dt

— 1?2
%VZW(r)ﬂLVl//(r): Ew(r)

pdy(t)  —i
{W_h EJ(;dt

Ny ) = —'% Et

In & = —i— Et
w(°)
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O =1 (0) € o (20)

WD) =) €7 oo (20)
Let w(o)=1

() =y(r)e

[v' (O de=[y (e pre dr=1

Jv' () y(dr=1

e i i e Jsemal A llial S Ly Ll Ay Jhe 00555 0 oy (1) A0 ol o

2 arall o Jpcanll llaal o) Lk b a1 5 17 (1) (1) @osbed 55039 Ol i (1, 1) w(r,t)
ol e aaiady ddasy

Stationary state s jfiue s b 4dl aie Ji (207) alls La pall 4l 530 aral)
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Properties of Energy L evel and Wave Function —Degener acy
A - da gall 1949 48Ul iy glsa Ciliia

Degeneracy: isthe case when there are more than one wave function corresponds to the
same eigen value
A Aagal) pudd JoES Ay Ala e SIS L S Sl A e Sy

Jisalloda S8 Cumy gy saalgda s Al g HAS) B Jhe (pre A8 (5 g (38 4 QYL 8
Maie 48Ul (5 givn o SO 028 Jie S35 (linearly independent) (azall Lecasy (o Liba At
AT 48] jall alsisal) dua sall J)gall 220 (¢ b degree of Degeneracy o3l 4 o5 Degeneracy
OSw alawal) Jhgadl 2ae @ N g}udhi\z\_;‘)dg%.bo En aadall o giuae HLS 1A Diad | (5 giuall

N JLslae
vl w?  wd W
& Jsall 3] adll (S Sl
N .
¢n chpi l/lll’l 1< pS N (21)
i=1

AAM\J@J@\L)&J@A&D)&\&MDM)A\d\jﬂ\‘\.&:wu\

[y lym} de=6,,6, (22)
A ABdally Cayad g Al Al ) g el dlee o)) Allaial o)

N2 dr\z
n ¢*¢d2"

For normalized
. =|yigde]

1l 4ad o) (Overlap integral)  Jaladll JulShy e 3 0l dpaly Hll A8l 4 Jalsdl) idasda
FOPIEVEN PRRAC
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' (x) 7

X

EYIL e ad CiYIal 52gh U VA o

¢ snll Nl AS (S iind L Vi e, By, 8y b oLl 1) 5 sl 5 HUaill 413

Y1 JRAL Al Al dadll ¢ gesal) Jiad

¢=Cy1 +CoYp + Col/g o +CoWn =D CWn

Wy W Wy Dl (e de sana Linl IS 13 ; Aaadle

(linear superposition principle) hall cuS il fase A83all 028 cans
aalll i sl Jelas 58 €5 @ A Aadll ALEA 4y jlall dn sl s 8 g Uin
A al LI ¢ sana (s gt IS LI o il /

3 ylaall 1o i fans

[#pdr=1

allspace

[Y v Y cawm=1
n m

ZZC.:CmJ';V;l//de:l
n m

¥ endm=1  if &,=1for n=m
n m

> c.c, =1

n

Z‘Cn‘zzl

n

s (A all Allia ) & Saal) Jala i labaall dilhall aill Cilay ja g sana (5 st IS Allaia Y] ) g
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Al Al 8 A 5all CVLAY) g Jeala § e (5 shass Aaadle G dad giall el o i) (2
Le) ALLaal

(A= a,

:‘Cl‘zai +‘C2‘23_2 I

(A =[¢ Apdr
- j{;cnwn}* A e/ mb e
= chn Wn Y CrAydr
=;C’;%Cm 8 [Waymdr
=22 €1 Cn @y S when n=m = §, =1
=y Co
m=3e"-a

EL) odle | Adalaall ng\_)).\sj\ ).Lmsﬂ\

The expectation value of A is the sum of each eigen value a, times the partial

probability \cn\z of the system to be in that state n
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Aalgh S el A dlaayl N d b (p,) A8 Aedll ) uldll dlae (5055 o) Adlaial o) ) (3
N L AW 3 Uil

Sl

o =|[vnd de] =[c,f
=|[ynlewrtep, +-) dr\z

‘2

Cownwadr

=[c, Sl n=m= 6§,,=1

nm

2
~ Py =ley

dallaiaY) L A8V g ddlaial) aliad)
Conservation of Probability and Probability Current density

O c__ga..al\ Al 6l S skud O o T Anllaiay) o) L

R=[v'ydr=1
To proof conservation of probability

% =Must be equal zero

=t ww d
at dtjl/jw g
oy’ v
=|(—vw+ dr
( SV )
Aalaal) aladsiuly
oy 4 oy —i
in?Y _ Y ., _~Ip
a 7 a n v



el A oW 0,4
—ih—"—=(H L ——(H
p (Hy) — P h( )
dp, 0 oprn v -
—t=—|[(H —y (Hy)] d
=AWy -y (Ry)] d
H IsHermitian operator i.e.
[(Hy) ydz =[y" (Hy) dr
do. _
at

dp. _
dt

Aall Cun ¢ v el i jipall Liiala Loy dagiill Uiy i (g 301 e aaiady 400 Gllaia ) ol Jing 138

TP
gf(l// Hy -y Hy) de

3 e 4l Bl ALY ol 2 e el

Probability Current density dllaiay) L A8l
&é&qu\&hdpyﬁ&ﬂ\é\gdjﬁ pd:(//*l// u)mdmbwéw\dMY\iSUSB)SSu\
PETIPREPR T LN [PUVIPIRENPRPRTENE IREN RN (NI F R RVN R EFOCER-: 1 R R T QI At WYY [P 1 DN EN g i

TS (S L8 Ol (G (525 Game paa Gana Gl ae Al jeS Clind AUS 50378 42 Ui e Ll
aaal) Gl bl sl
D e Al e Alalaa GELEY oS @l ilSpall 8 A Maia Y1 ABUS Tase o Lpagand Sy 5840
Al eS8 4y ) el Aalas

Py =y ANV DS GV il

opy _ Oy . Oy
SO 7w+ -7
a a7V u

o1 VNS s A
*lh—=H , —1h——=(H
ot v ot (Hy)

latiiall Cadan 29
apd i N x * *_i ~
-4 — _H +y (—H
el 8 4 ‘//(h) v
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i N ok * * N
=2 (Hyy -y Hy)

H e sasailly

I
Il

——V2+V(r)

=Ly (VRO -y v v

_Ih 2* i * ih *2 i*
=y VA VO +—y Vi ——yV(r
21// y hl//()l// oV l//hw()l//

=—yw VY + \%
om y Vi ZmW 4

h o a e B .,
=—ywy Vv ——yV
2_1// v 2_(// v

—h * *
=W Vi -y V)
OS Ll

v Vi -y Vi =V-(y Vy -y Vy)

dpd — h * = — *
—d_ V. (yVy-yV

ot Py (v Vy -y Vy)
dpd

+V.— 'V Y 0
ot 2(!//!//'//1//)

S bl | Al i yail
h * = — *
J=T(l/f Vy-yVy )
mi
Adldia) b 4aia Lrad

doy = -
—4.4V.j=0 23
ot ] (23)

dm\dy)ﬂ\jubjgﬁ\ oJP)A\dUA.QAMGAJMJ\JmY\AJJLMJZ:SQJLLJ\GAMJ
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Ol S L s C_ILI Alaay) Ayl er)j\ Jadl )b @:3 oole) Adalaall Lﬁ}l-‘)-‘sn radil)
) J300 apall aa) 65 s Jara (g g O g Blie mhas J g aLlSS (631 5 Adlaiay)

Quantized States daasal) cN)
Leie JUi 5 jacio 48 jne ay8 48835 ) g g Lgmadi] (o 30 ad 315 A8UAD (Jic) ASaiy)all Sl (imay 3455
Llle oy dipme A shaia o oSl SlilSaall Guansl Gaadad Y Glia¥) SSI G Jaadig & glual) 1a Al gl

(Aadsia pf ) bl dagi Lple Juand Al adll o3ed 1 ) 58
Gt 1 sal) o3a 5 Lol Aaill 48 yra 4 Soaild aS Lagd (5S35 Al Allall Q55 s 5all J) 50 (pe g i lllia 13)
2,0 Aaladll

Ay =ay
A AaaSll Lol 48 jne A ApaSll 0585 20 B8 i g Cas
428 giall Al Cwad @lld e aia il

(A =jy/*Al// dr
= [y ay dr
=afyy dr
(A =a

o Gl
(A% =y AAy) dr

III/I*Aal/I dr

ZaJl//*Al// dr

:ajw*aw dr

IaZJ.W*l// dr
s (A% =a?

(AA)? =(A%) —(A)?
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=a®-a’=0
8GR Al Bine A O A e B () ol llin (5 815
Parity Jaail)
AL ) gall o)) Ladlda 4 ol 380 jal sdall 8 L) ) 90 anli Gaga Ay LaY) ) 8 As gall J) g0 Caa

Jea¥) i JSA il b QulSaidU duills (0dd) Lai s (even) L) |kl costill e

w(—X) even parity

p(x)=
—(—X) odd parity

Example 1
y(X) =sinx
Y(—X) =sin(—x)
Y(—X) =—sin Xx=—y(X)
Example 2
y(X) = cosx
y(=X) = cos(-x)
y(=X) = cosx = y(X)
Alaleal Jsdall JS () s Sib A aia yoe AU iy gie s V(—X) = V(X)) O ! 5okl V(X)) <alS 1)
SN 38 el e sadine jall jSiag 8
p()=p()
v (=x)=-w(X) S|
el (o Badine yuall jSia g p3 Aldlae Baa3 1y (X) S Ll

22
Z—hvzz//(x) +V(X)y (X)) =Ey(X)
m

-X = X Jladil die
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32
Z_hvzz//(—x) +V(X)w (—X) = Ey(-X)
m

Ol ey e ) (e badiaa jue jSiag il ddalae A 5 83a) g Alialds Aales 383 1 (X) ¢« (—X) O L
05y
w(EX) =1 (X) e ¢

X=X dhaidhy ol o Cua

3

w(X) =r,yp (=X
O and Al andiily

w(X) =Ty (X)

y()=rZy(x) =— r,=%1

O3S 1 08 g smallys (x) Aaleal) g s b

y(=X) =2y (X)
oAV Y 8L s sy AN LS pr(—X) =g (X) e oS o A b
8 Bl W o) J& p(—X) = —w(X)
2 (X)) A e sl Jals 53 (Reflection operator) R odSxi¥1 e <byes of (V) LiSay
X=X Jladial

Ry () =y (-X)

Reflection operator: is that operator when operate on such function convert it around

theorigini.e. Ry/(X) =y (—X)
Sl JSAIL () Aabeall LUS Sy Ty o 5ay
Ry () =1, (X) = ()
OsSsode) Aalaall ik e R isalls s 5a0 5 50 OV L3 sl g el 2013 adl) i 1 Cas
R(Ry (X)) = Rrw ()
=r,Ry(X)
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=r2w(X)
gl pudi
R(Ry (%)) = Ry (-X)
=y (X)
r?=1-r, =+1
Lia 40 8 ol X (Adan ) 0S8 o) Ll JAlallda gall Jlsa o)) (A a5 +1 (& ST A5 andll ol (g
A AN (X)) Leiw R isall 2503 2l o r 41
Example
Let w(X) = x?
Ry(X)=(-x)%=x?—>r, =1
e L4l 5o pd H(X) = H(=X) O ) X o s 3 Al (S sillgd) Sisall) H (X)Ll 1S 130 (0

(Sl 530) R 5

UL
R(H(Qy (x) =H (=X w (-X)
=H Xy (-X)
=H(XRy(x)
QU ale
RH (X (X) = H(X) Ry (x)
)

(RH(X)-HXR)y(x)=0
Shagshe H ¢ R ozl C datdl o)) !

A A

C=RH-HR=0
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Q1) Establish the operator equation
a) Oyt xn 2
0 X OX
b) and hence show that :
a n n-1
— ,X']=nx
[ X'
Solution:

a) For any functionof x, say w(x) one can write:
0 .n 0 (on

(XD () =— (X'w(X)

OX OX

oy (X)

=nx""y(x) + x"
0 X

Since this equation must valid for any function of x, thusthe operator equation is:

n n-1 n

0 0
—X'=nx"T+x" —
0 X 00X

b)
% Xy (%) = % X"y (%)) — (X" a%) (%)

WX n w(¥)

n-1 n
=NX X)+ X
v(x) O X 0 X

= X"y (X)

0 :
Hence the tow operators o x" are not commute, and the corresponding commutator
X

operator is, i.e. [Q , X" =nx"?
OX
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an

Q2) Evauate [i : ]
O0X :

0 X
Solution:
[ T - Dy
ox a ox Y o ax’Y
0 0"w(x), 0" Jw(x)
8x( ox" )~ ( 0 X )
B 6n+ll//(X) 8n+1l//(X)
- axn+1 o aXI’H—l
=0
The tow operators 2 and are not commute
o X ox"
12 62
Q3) Show that w(X) = e2 Is an eigen function of theoperator——x and find the

O x>

corresponding eigen value?

Solution:

Ay, (X) = a,wn(X)

2 15
2
“e e
15 1,
62 —-=x -=X
= ~e? —x%e?
X
1, 1.
0 -= —=X
—a—(—xe2 )—x%e 2
X
e e le
=—€2 +Xx°e? -xe?
e
:—ez
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=—Wn (X)

1.2
Since the function (x) =e 2" remain unaltered under the operator, thus it is an eigen

function of A and its corresponding eigen value is a,=-—

Q4) Show that [p,,V(X)]= |ha\g)((x)

[Py, V(X¥)]= (P V(X) =V(X) py)
[P VTw () = (P, V (X) =V (X) P w(X) Y(X) &t oo
=P, V(X)y(X) -V(X) Py (X)

0
. _|h_
P 0 X

=—in ai V(X) w(X) -V (X) (=i i)t//(x)
X oX
=—ihaV(X) "”f(x) iy (X) E() +ih V(X) awix)

_ i 8V(x)

v (X)

[p,., V(3] =—in Y
oX
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—n? d?

et iz s H=———— sallamall Ssileg) Sisall ol 0o (5o
2m dx
sl o)
~ —h*d?
A8 Giny Gl =1 9 <y
2m dx?
[vn Ay dx= [y, (Ay,) dx
¥l Galall e
0 . _hZ d2 _h2 © . dZW
— dx = M dx
I n Gy gV K= [y =3
0 i A il JulSAD lasil
d%y
U=y, ¢ dv= dxzm dx
dy d
ax dx
Iudv=uv\io -~ jvdu

=—— +
2m Vn dx Vn 2m dx d
0 J o) asd) 8 3aasa da gall Al () Lag
h? 7 Ay, dy,
= d
2m -[ ( dx ) ( dx )
A0 5 e 4 il Jalsall 3adaty
u= dy/, dv= % dx
dx dx
d%y.
= du= dxzn dx < V=y,,
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Coldg ¢ Agdus F=

Bl Casnd) (sl J 391 aml) 53 5 A5 s

m(_2_ dX2
_T (_h_2 dzl//n)*
™t 2m dx?
= [Wm(Hy,) dx
i Sise s all sl H silegll Sisall 03
d> 2d 2«

_F ;dx+7 Dl A Al &y = Aem % Al o) <l (6 o
X
:Jadl

2
Ifl// =d—2(Ae‘“ ) + Z E(Ae‘“ ) + 2—“(Ae‘“ )
dx X dx X

Fy=athe ™ +2 8 (o ne ™)+ 2% (e )
X dx X

Ifl//=(a2—2—a+2—aj Ae
X X

Fy=a?Ae*”

Fy =a’y

or? A dagiy s A A a gy A )
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Q7) Verify the operator equation

2

d d d
L (- +)=—5-Yy+1
dy

dy dy

d d dz
2. (— ) =—— V21 AW  Amed)
(dy+y)(0Iy y) a2 y HW Gl

Solution:

1) ‘d% - y)(diy +y) wa()

iy v

ay ey

(j'y W "’“y(y)wwn(y)}

dy{ "’(;y‘y)wwn(y)} v 'ﬁy‘y)wwn(y)}
dg;(y) &YV -y Wg;y) V2w (y)
Z;(y) ()Y W&‘;y) - yd"[g‘;y) ~ Y2 (Y)

dgy”(y)—y Va(¥) v (Y) = (@—ym) Va(Y)

Since w(y) isan arbitrary function of y, so we can write the operator equation as:
2

a_wa o9 2 st
(dy y)(dy+y) oy y“+1 2 slhall 8
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Q8) Show that [H | k]:_—n'f b,
Solution:

32
[H, K]=H%-%H Where H =2—hV2 +V(x,y,2) and
m

[H, Jy=(HX-%H)y ZREPE
H dad e gl

R _ 52 ) B _ 52
[H , x]y/_{( o Ve+V(XY,2)x—X( o

VE+V(xy, Z))}l//

2 2
- _h_vzxv/ +V(XY,2) Xy + Xz—mvzl/f —xXV(xy,2)y

2m

n? _, i
=——V Xy + X—V

2m v 2m vV

V2xy = V(VX )

=V(XVy +v)
=XV +Vy +Vy
=XV +2Vy
72 2 2
= X—Viy ——2Vy + x—V?y
2m 2
o h?
[H,x]y/:—EVt// Okl e s
2 .
o8-y o Ry Ty
m mi m
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DAl aa) gl el 3 As sl Al ApAX L (AP)Z L(P) L (AX)? (XY, A, W(X) OF py > .9

(xx)?
2 .
l//(X) — Ae 2a el p.X/ %
s
(xx)? (xx)?
2 f * 2 s
l//(X)=Ae 2a el p.X/ % W (X)= Ae 2a e i p,X/%

(xx)?

s =l =A~e

[l ()" dx=1

w _(X=X)

AN e = dx=1 let (x-x)=z= dx=0dz

Z2
0

AA [e “dz=1

AA aJr =1
.1
AA =——

avr

0

(X) = _[gy*x:// dx
o _(X—X;)2 _(x—xc)2
0= The = e K g B am gy

(xx)?

1 % 2
X)=—— |xe & dx
=1

let (X—X)=zZ= X=2Z+X, dx=dz
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<x>_m__[o(z+xo)e dz

22 Z2
o0 _ 0

1 2 X 2
XN\=—— |ze?®dz+—— | e ? dz
=71 Nl

X -5 X
X\=—_ [e @ dz=—"_ aJr
=7z iz 7
SAX) =X

(X?) = jy/*xz w dx

—00

o (%) (xx,)?
2 : % 2 .
(X) = J‘Ae 22 ipxIh 42 Ao 280 gipxlh gy

(xx,)?

1 2 2 a2
X)=——= | X e dx
=]

Let X—x =2 =  X=Z2+2xz+X° dx=dz
1 = (xx)?
2
(Ny=——= [(ZZ+2xz+x) e ¥ dz
a\/;_[o
22 22 2 22
1 [ oqay,, 2% [ o2 X T a
(N=—"=|Z2e ¥dz+ = | ze T dz+—= (e
a\/;_J;) a\/;_'[o a\/;_[o

oy 1 1/ X
<X>_a\/; 2\/;\/;+a\/; ar

1
x?Y==a®+ x°
(X%) > :
(AX)? =(x*) = (%?
(AX)2=%a2+X02—X02
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1
L (Ax)* =Za’
(Ax)° =2

_(xx)? ipx (%) ipx
py=~Ae 2 7 y=~Ae 2 '

(P =[v Py dx

0
=—ih—
Px OX

% .0
=—lh —y dx
(P, _[Ol// 4

(x-x)? i

a_l//:Ae 2a? [ (X X) Ip]
OX a’

=8
=—lh — dx
(p,) _le// =V

(xx)? ipx (xx,)? +ﬂ

mjAe 2" h pg 2 [(X x) 'p]dx
a

w (X—xo)

=—A*Aihje @ -

(X=x) .

a2

I po] dX

let x—Xx =2z = X=Z+ X, dx=dz
22 .
__ANAn| e T-Z2+1Pq,
jw [+ ]

2 Z2

_i z
A;‘Ih'[ ze  + AAp, Je * dz

—00

Z2

_O+T p. Ie * 4z

1
e J— Oa\/_
az T
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= p,
(py)?=p?

0

. 0°
<p2>=—h2fw WW dx

—00

_ex)? p X
a_l//: Ae 2a2
0X

%)
82(// —Ae 2a®
x>

< p? >=—h? _[Ae

<p2>:—h2jA*Ae @ -
let (Xx—X)=z= x=

<pP>=?[ AAe T[- 5+ P2y
<p?>=—h [ AAe ®

A 2 © = -
<p2>=ﬂjzze 2 dz + MI e @ dz+ A Ap? je a2+

a4

—0o0

2 _hz K 2
< >=——-\ 7€
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