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Chapter five 

Numerical Differentiation and Integration 

(1)If 𝑥𝑖+1 − 𝑥𝑖 = ℎ 

 

 Numerical Differentiation of Newton ForwardA.  

 

𝑓(𝑥) = 𝑓(𝑥0) + (𝑥 − 𝑥0)
∆𝑓0

1! ℎ
+ (𝑥 − 𝑥0)(𝑥 − 𝑥1)

∆2𝑓0

2! ℎ2
+ ⋯

+ (𝑥 − 𝑥0)(𝑥 − 𝑥1) … (𝑥 − 𝑥𝑛)
∆𝑛𝑓0

𝑛! ℎ𝑛
… … … … (1) 

 

Let  
𝑥−𝑥0

ℎ
= 𝑞 ⟹ 𝑥 − 𝑥0 = ℎ𝑞. 

 

𝑥 − 𝑥1 = 𝑥 − (𝑥0 + ℎ) = 𝑥 − 𝑥0 − ℎ = ℎ𝑞 − ℎ = ℎ(𝑞 − 1) 

 

𝑥 − 𝑥2 = 𝑥 − (𝑥1 + ℎ) = 𝑥 − 𝑥0 − 2ℎ = ℎ𝑞 − 2ℎ = ℎ(𝑞 − 2) 

 

𝑥 − 𝑥3 = 𝑥 − (𝑥2 + ℎ) = 𝑥 − 𝑥0 − 3ℎ = ℎ𝑞 − 3ℎ = ℎ(𝑞 − 3) 

 

In general  

 

𝒙 − 𝒙𝒌 = 𝒉(𝒒 − 𝒌)      , 𝒌 = 𝟎, 𝟏, 𝟐, 𝟑, … 

 

Substitute the last relation in to (1) we obtain : 

 

𝑓(𝑥) = 𝑓(𝑥0) + 𝑞∆𝑓0 + 𝑞(𝑞 − 1)
∆2𝑓0

2!
+ ⋯ + 𝑞(𝑞 − 1) … (𝑞 − 𝑛)

∆𝑛𝑓0

𝑛!
 

 

𝑓(𝑥) = 𝑓(𝑥0) + 𝑞∆𝑓0 +
1

2
(𝑞2 − 𝑞)∆2𝑓0 +

1

6
(𝑞3 − 3𝑞2 − 2𝑞)∆3𝑓0 + ⋯ 

 

          𝑓′(𝑥) =
𝑑𝑓

𝑑𝑞
.
𝑑𝑞

𝑑𝑥
=

1

ℎ
.
𝑑𝑓

𝑑𝑞
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1 

 𝑓′(𝑥) =
1

ℎ
[∆𝑓0 +

1

2
(2𝑞 − 1)∆2𝑓0 +

1

6
(3𝑞2 − 6𝑞 + 2)∆3𝑓0

+
1

24
(4𝑞3 − 18𝑞2 − 22𝑞 − 6)∆4𝑓0 + ⋯ ] … (2) 

 

 

          𝑓′′(𝑥) =
𝑑2𝑓

𝑑𝑞2
.
𝑑2𝑓

𝑑𝑥2
 

 

 𝑓′′(𝑥) =
1

ℎ2
[∆2𝑓0 + (𝑞 − 1)∆3𝑓0 +

1

12
(6𝑞2 − 18𝑞 + 11)∆4𝑓0

+ ⋯ ] … (3) 

 

If  𝑥 = 𝑥𝑖 

 

Set 𝑥𝑖 = 𝑥0 ⟹ 𝑞 = 0 , 𝑓(𝑥𝑖) = 𝑓(𝑥0)  

 

 𝑓′(𝑥0) =
1

ℎ
[∆𝑓0 −

1

2
∆2𝑓0 +

1

3
∆3𝑓0 +

1

4
∆4𝑓0 + ⋯ ] … (4) 

 

 𝑓′′(𝑥0) =
1

ℎ2
[∆2𝑓0 − ∆3𝑓0 +

11

12
∆4𝑓0 −

5

6
∆5𝑓0 … ] … (5) 

 

 

 

 

 

 

 

 

     


