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6.3 Linearity of  Riemann Integral )خطية تكامل ريمان( 

Theorem  6.13: If 𝑓 is 𝑅-integrable on [𝑎, 𝑏] and 𝑘 is any constant, then 

𝑘𝑓 is 𝑅-integrable on [𝑎, 𝑏] and 𝑘 ∫ 𝑓
𝑏

𝑎
= ∫ 𝑘𝑓

𝑏

𝑎
. 

Proof: Let 𝜖 > 0, since 𝑓 is 𝑅-integrable on [𝑎, 𝑏]. 

         ⟹ ∃ a partition on [𝑎, 𝑏] 

         ⟹ ∫ 𝑓
𝑏

𝑎
− 𝜖 < 𝑅(𝑓, 𝜌) and ∫ 𝑓

𝑏

𝑎
+ 𝜖 > 𝑅(𝑓, 𝜌).   

 ∵ ∫ 𝑓
𝑏

𝑎
= ∫ 𝑓

𝑏

𝑎
= ∫ 𝑓

𝑏

𝑎
⟹ ∫ 𝑓

𝑏

𝑎
− 𝜖 < 𝑅(𝑓, 𝜌), 

and  

          ∫ 𝑓
𝑏

𝑎
+ 𝜖 > 𝑅(𝑓, 𝜌).  

Case (1): If 𝑘 > 0  

        ⟹ 𝑘𝑅(𝑓, 𝜌) = 𝑅(𝑘𝑓, 𝜌).   

 and  

        𝑘𝑅(𝑓, 𝜌) = 𝑅(𝑘𝑓, 𝜌).  

∴ 𝑘 ∫ 𝑓
𝑏

𝑎
− 𝑘𝜖 < 𝑅(𝑘𝑓, 𝜌)  and 𝑘 ∫ 𝑓

𝑏

𝑎
+ 𝑘𝜖 < 𝑅(𝑘𝑓, 𝜌).   

But 𝑘 ∫ 𝑓
𝑏

𝑎
− 𝑘𝜖 < 𝑅(𝑘𝑓, 𝜌) ≤ ∫ 𝑘𝑓

𝑏

𝑎
 

 and  

        ∫ 𝑘𝑓
𝑏

𝑎
≤ 𝑅(𝑘𝑓, 𝜌)    

∴ 𝑘 ∫ 𝑓
𝑏

𝑎
− 𝑘𝜖 < ∫ 𝑘𝑓

𝑏

𝑎
≤ ∫ 𝑘𝑓

𝑏

𝑎
< 𝑘 ∫ 𝑓

𝑏

𝑎
+ 𝑘𝜖.   

∵ 𝜖 is an arbitrary, then,  

 𝑘 ∫ 𝑓
𝑏

𝑎
≤ ∫ 𝑘𝑓

𝑏

𝑎
≤ ∫ 𝑘𝑓

𝑏

𝑎
≤ 𝑘 ∫ 𝑓

𝑏

𝑎
 

         ⟹ ∫ 𝑘𝑓
𝑏

𝑎
= ∫ 𝑘𝑓

𝑏

𝑎
= 𝑘 ∫ 𝑓

𝑏

𝑎
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        ⟹ 𝑘𝑓 is 𝑅-integrable on [𝑎, 𝑏] and 𝑘 ∫ 𝑓
𝑏

𝑎
= ∫ 𝑘𝑓

𝑏

𝑎
.  

Case (2): If 𝑘 < 0.  

⟹ 𝑘𝑅(𝑓, 𝜌) = 𝑅(𝑘𝑓, 𝜌)  and  𝑘𝑅(𝑓, 𝜌) = 𝑅(𝑘𝑓, 𝜌).  

 ∴ 𝑘 ∫ 𝑓
𝑏

𝑎
+ 𝑘𝜖 < 𝑅(𝑘𝑓, 𝜌) ≤ ∫ 𝑘𝑓.

𝑏

𝑎
 

 and  

          ∫ 𝑘𝑓
𝑏

𝑎
≤ 𝑅(𝑘𝑓, 𝜌) < 𝑘 ∫ 𝑓

𝑏

𝑎
− 𝑘𝜖  

∴ 𝑘 ∫ 𝑓
𝑏

𝑎
+ 𝑘𝜖 < ∫ 𝑘𝑓

𝑏

𝑎
≤ ∫ 𝑘𝑓

𝑏

𝑎
< 𝑘 ∫ 𝑓

𝑏

𝑎
− 𝑘𝜖.  

          𝑘 ∫ 𝑓
𝑏

𝑎
≤ ∫ 𝑘𝑓

𝑏

𝑎
≤ ∫ 𝑘𝑓

𝑏

𝑎
≤ 𝑘 ∫ 𝑓

𝑏

𝑎
 

         ⟹ ∫ 𝑘𝑓
𝑏

𝑎
= ∫ 𝑘𝑓

𝑏

𝑎
= 𝑘 ∫ 𝑓.

𝑏

𝑎
  

⟹ 𝑘𝑓 is 𝑅-integrable on [𝑎, 𝑏] and 𝑘 ∫ 𝑓
𝑏

𝑎
= ∫ 𝑘𝑓.

𝑏

𝑎
  

Case (3): If 𝑘 = 0. 

         ⟹ each side is zero.  

 Theorem 6.14: If 𝑓1 and 𝑓2 are 𝑅-integrable on [𝑎, 𝑏], then 𝑓1 + 𝑓2 is 𝑅-

integrable on [𝑎, 𝑏] and ∫ (𝑓1 + 𝑓2) = ∫ 𝑓1 + ∫ 𝑓2
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎
 . 

Proof: let 𝜖 > 0, since  𝑓1 and 𝑓2 are 𝑅-integrable on [𝑎, 𝑏]. 

         ⟹ ∃ partitions  𝜌1 and 𝜌2  on [𝑎, 𝑏] such that  

         ∫ 𝑓1
𝑏

𝑎
− 𝜖 < 𝑅(𝑓1, 𝜌1)  and ∫ 𝑓1

𝑏

𝑎
+ 𝜖 > 𝑅(𝑓1, 𝜌1).   

          ∫ 𝑓2
𝑏

𝑎
− 𝜖 < 𝑅(𝑓2, 𝜌2) and ∫ 𝑓2

𝑏

𝑎
+ 𝜖 > 𝑅(𝑓2, 𝜌2)    

Let 𝜌 = 𝜌1 ∪ 𝜌2. Let 𝑚𝑖 and 𝑚"𝑖 be infimum of 𝑓1 and 𝑓2 respectively on 

the segment [𝑥𝑖−1, 𝑥𝑖] of 𝜌.  

∴ 𝑚′𝑖 + 𝑚"𝑖 ≤ 𝑓1(𝑥) + 𝑓2(𝑥),      ∀𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖].  
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∴ 𝑅(𝑓1, 𝜌) + 𝑅(𝑓2, 𝜌) ≤ 𝑅(𝑓1 + 𝑓2, 𝜌)  

Also, 𝑅(𝑓1, 𝜌) + 𝑅(𝑓2, 𝜌) ≥ 𝑅(𝑓1 + 𝑓2, 𝜌).  

         ∫ 𝑓1
𝑏

𝑎
+ ∫ 𝑓2 − 2

𝑏

𝑎
𝜖 < 𝑅(𝑓1 + 𝑓2, 𝜌)    

And  

         ∫ 𝑓1
𝑏

𝑎
+ ∫ 𝑓2 + 2

𝑏

𝑎
𝜖 > 𝑅(𝑓1 + 𝑓2, 𝜌)  

But 𝑅(𝑓1 + 𝑓2, 𝜌) ≤ ∫ (𝑓1
𝑏

𝑎
+ 𝑓2)  

 and  

         ∫ (𝑓1
𝑏

𝑎
+ 𝑓2) ≤ 𝑅(𝑓1 + 𝑓2, 𝜌).   

         ∴ ∫ 𝑓1
𝑏

𝑎
+ ∫ 𝑓2 − 2

𝑏

𝑎
𝜖 < ∫ (𝑓1

𝑏

𝑎
+ 𝑓2)  

        ≤ ∫ (𝑓1
𝑏

𝑎
+ 𝑓2) < ∫ 𝑓1

𝑏

𝑎
+ ∫ 𝑓2 + 2

𝑏

𝑎
𝜖.  

Since 𝜖  is an arbitrary and  𝑓1 and 𝑓2 are 𝑅-integrable on [𝑎, 𝑏], then 

𝑓1 + 𝑓2 is 𝑅-integrable on [𝑎, 𝑏] and ∫ (𝑓1 + 𝑓2) = ∫ 𝑓1 + ∫ 𝑓2
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎
.  

Theorem 6.15:  If 𝑓 is R-integrable on [𝑎, 𝑏] and 𝑎 < 𝑐 < 𝑏 , then 𝑓 is 

R-integrable on [𝑎, 𝑐] , [𝑐, 𝑏] and ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
= ∫ 𝑓

𝑏

𝑎
 . 

Proof: Let 𝜖 > 0, since 𝑓 is 𝑅-integrable on [𝑎, 𝑏]. 

          ⟹ ∃ a partition 𝜌 on [𝑎, 𝑏] such that  

         ∫ 𝑓
𝑏

𝑎
− 𝜖 < 𝑅(𝑓, 𝜌)  and 𝑅(𝑓, 𝜌) < ∫ 𝑓

𝑏

𝑎
+ 𝜖.    

Let 𝜌1 = 𝜌 ∩ [𝑎, 𝑐] be a partition on [𝑎, 𝑐].  

𝜌2 = 𝜌 ∩ [𝑐, 𝑏] be a partition on [𝑐, 𝑏].  

          𝑅(𝑓, 𝜌) = 𝑅(𝑓, 𝜌1) + 𝑅(𝑓, 𝜌2)  

 and  

         𝑅(𝑓, 𝜌) = 𝑅(𝑓, 𝜌1) + 𝑅(𝑓, 𝜌2) . Hence 
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         ∫ 𝑓
𝑏

𝑎
− 𝜖 < 𝑅(𝑓, 𝜌)e 

        ⟹ ∫ 𝑓
𝑏

𝑎
− 𝜖 < 𝑅(𝑓, 𝜌1) + 𝑅(𝑓, 𝜌2)  ≤ ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
                      (1)   

         𝑅(𝑓, 𝜌) < ∫ 𝑓
𝑏

𝑎
+ 𝜖. 

        ⟹  ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
≤ 𝑅(𝑓, 𝜌1) + 𝑅(𝑓, 𝜌2) < ∫ 𝑓

𝑏

𝑎
+ 𝜖                         (2)  

From (1)and (2) we get  

         ∫ 𝑓
𝑏

𝑎
− 𝜖 < ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
≤ ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
< ∫ 𝑓

𝑏

𝑎
+ 𝜖   

Since 𝜖  is an arbitrary  

         ⟹ ∫ 𝑓
𝑏

𝑎
< ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
≤ ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
< ∫ 𝑓.

𝑏

𝑎
     

         ⟹ ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
= ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
. 

         ⟹ ∫ 𝑓
𝑐

𝑎
= ∫ 𝑓

𝑐

𝑎
 and ∫ 𝑓

𝑏

𝑐
= ∫ 𝑓.

𝑏

𝑐
   

then 𝑓 is 𝑅-integrable on [𝑎, 𝑐]. 

  And on [𝑐, 𝑏] 𝑎𝑛𝑑 ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
= ∫ 𝑓.

𝑏

𝑎
   

Corollary 6.16: If 𝑓 is 𝑅-integrable on [𝑎, 𝑏] and [𝑐, 𝑑] ⊂ [𝑎, 𝑏], then 𝑓 is 

𝑅-integrable on [𝑐, 𝑑].  

Proof:  Since 𝑎 < 𝑐 < 𝑏  and f is 𝑅-integrable on [𝑎, 𝑏]. 

⟹ 𝑓 is R-integrable on [𝑎, 𝑐]and [𝑐, 𝑏].  

But 𝑐 < 𝑑 < 𝑏, then 𝑓 is 𝑅-integrable on [𝑐, 𝑑]and [𝑑, 𝑏] 

⟹ 𝑓 is 𝑅-integrable on [𝑐, 𝑑].  

Theorem 6.17: If 𝑓 is 𝑅-integrable on [𝑎, 𝑐] and  [𝑐, 𝑏], then 𝑓 is R-

integrable on [𝑎, 𝑏]. 

Proof: Let 𝜖 > 0, since 𝑓 is 𝑅-integrable on [𝑎, 𝑐] and  [𝑐, 𝑏], then 

∃ partitions 𝜌1 and 𝜌2 on [𝑎, 𝑐] and [𝑐, 𝑏] respectively such that  
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           ∫ 𝑓
𝑐

𝑎
− 𝜖 < 𝑅(𝑓, 𝜌1) and ∫ 𝑓

𝑐

𝑎
+ 𝜖 > 𝑅(𝑓, 𝜌1) . 

           ∫ 𝑓
𝑏

𝑐
− 𝜖 < 𝑅(𝑓, 𝜌2) and ∫ 𝑓

𝑏

𝑐
+ 𝜖 > 𝑅(𝑓, 𝜌2).  

Let 𝜌 = 𝜌1 ∪ 𝜌2.  

           ∫ 𝑓 + ∫ 𝑓
𝑏

𝑐

𝑐

𝑎
− 2𝜖 < 𝑅(𝑓, 𝜌1) + 𝑅(𝑓, 𝜌2) − 𝑅(𝑓, 𝜌)  ≤ ∫ 𝑓.

𝑏

𝑎
    (1)  

           ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓 + 2𝜖

𝑏

𝑐
> 𝑅(𝑓, 𝜌1) + 𝑅(𝑓, 𝜌2) − 𝑅(𝑓, 𝜌) ≥ ∫ 𝑓.

𝑏

𝑎
  (2)  

From (1) and (2) we get  

          ∫ 𝑓 + ∫ 𝑓
𝑏

𝑐

𝑐

𝑎
− 2𝜖 < ∫ 𝑓

𝑏

𝑎
 ≤ ∫ 𝑓 <

𝑏

𝑎 ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
+ 2𝜖 .  

∵ 𝜖  is an arbitrary, then  

          ∫ 𝑓 + ∫ 𝑓
𝑏

𝑐

𝑐

𝑎
≤ ∫ 𝑓

𝑏

𝑎
 ≤ ∫ 𝑓 ≤

𝑏

𝑎 ∫ 𝑓
𝑐

𝑎
+ ∫ 𝑓.

𝑏

𝑐
   

        ⟹ ∫ 𝑓
𝑏

𝑎
= ∫ 𝑓

𝑏

𝑎
⟹ 𝑓 is 𝑅-integrable on [𝑎, 𝑏].  

 Theorem 6.18: If 𝑓 is a continuous function on [𝑎, 𝑏], then 𝑓 is 𝑅-

integrable on [𝑎, 𝑏].  

Proof:  ∵ [𝑎, 𝑏] is a compact set and 𝑓: [𝑎, 𝑏] → 𝑅 is continuous on [𝑎, 𝑏], 

then 𝑓is uniformly continuous on [𝑎, 𝑏] (if 𝑓: 𝑋 → 𝑅 is continuous and 𝑋 

is compact ⟹ 𝑓 is uniformly continuous).  

∴ ∀𝜖 > 0, ∃𝛿 > 0  such that ∀𝑥, 𝑦 ∈ [𝑎, 𝑏] 𝑖𝑓 |𝑥 − 𝑦| < 𝛿. 

           ⟹ |𝑓(𝑥) − 𝑓(𝑦)| < 𝜖  

Let 𝜌 = {𝑎 = 𝑥0, 𝑥1, … , 𝑥𝑛 = 𝑏} be a partition on [𝑎, 𝑏] such that 

          ∆𝑥𝑖 =
𝑏−𝑎

𝑛
   ∀𝑖 = 1, … , 𝑛.  

Let 𝑚𝑖 = inf  {𝑓(𝑥)│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}  

           𝑀𝑖 = sup {𝑓(𝑥)│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}  

∵ 𝑓 is conts on [𝑥𝑖−1, 𝑥𝑖] 
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          ⟹ ∃𝑧𝑖 , 𝑙𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖]  such that 

          𝑚𝑖 = 𝑓(𝑧𝑖), 𝑀𝑖 = 𝑓(𝑙𝑖),     ∀𝑖 = 1, … , 𝑛.  

 ∵ 𝛿 > 0 ⟹ ∃ 𝑛 ∈ 𝑁    such that  

          𝑛𝛿 > (𝑏 − 𝑎) ⟹
𝑏−𝑎

𝑛
< 𝛿.  

          ∵
𝑏−𝑎

𝑛
< 𝛿 ⟹ |𝑧𝑖 − 𝑙𝑖| < 𝛿,     ∀𝑖 = 1, … , 𝑛.  

∵ 𝑓 is uniformly conts on [𝑎, 𝑏]. 

          ⟹ |𝑓(𝑧𝑖) − 𝑓(𝑙𝑖)| <
𝜖

𝑏−𝑎
 

          ⟹ |𝑚𝑖 − 𝑀𝑖| = |𝑀𝑖 − 𝑚𝑖| <
𝜖

𝑏−𝑎
.  

∴ 𝑅(𝑓, 𝜌) − 𝑅(𝑓, 𝜌) < 𝜖 ⟹ 𝑓 is 𝑅-integrable on   [𝑎, 𝑏]. 

Remark 6,19: The converse of above theorem is not true. Consider the 

following example.  

Example 6.20: Let 𝑓: [0,2] → 𝑅 be a function such that  

           𝑓(𝑥) = {
2       𝑥 ≠ 1
1       𝑥 = 1

  

Then, 𝑓 is 𝑅-integrable on [0,2], but not continuous on [0,2]. 

Solution:  

Let 𝜌 = 0,
2.1

𝑛
,

2.2

𝑛
,

2.3

𝑛
, … ,

2(𝑛−1)

𝑛
,

2𝑛

𝑛
= 2.   

          𝑅(𝑓, 𝜌) = ∑ 𝑚𝑖∆𝑥𝑖
𝑛
𝑖=1  = 𝑚1∆𝑥1 + 𝑚2∆𝑥2 + ⋯ + 𝑚𝑛∆𝑥𝑛 . 

          = 2.
2

𝑛
+ 2.

2

𝑛
+ ⋯ + 2.

2

𝑛
=

2

𝑛
 . 

         =
2

𝑛
{2 + 2 + 2 + ⋯ + (1)} =

2

𝑛
{2(𝑛 − 1) + 1}. 

         =
2

𝑛
{2𝑛 − 1} = 4 −

2

𝑛
 . 

          ∫ 𝑓
2

0
= sup  {𝑅(𝑓, 𝜌)} = 4  
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𝑅(𝑓, 𝜌) = ∑ 𝑀𝑖∆𝑥𝑖
𝑛
𝑖=1 = 𝑀1∆𝑥1 + 𝑀2∆𝑥2 + ⋯ + 𝑀𝑛∆𝑥𝑛  

             = ∑ 2.
2

𝑛
=

4

𝑛
. 𝑛 = 4𝑛

𝑖=1   

             ∵ ∫ 𝑓
2

0
= ∫ 𝑓

2

0
⟹ ∫ 𝑓

2

0
= 4  

          ⟹ 𝑓 is R-integrable on [0,2].  

But 𝑓 is not conts on [0,2] at 𝑥 = 1,   

And since 〈
1

𝑛
+ 1〉 → 1 in [0,2] . 

But 𝑓 (
1

𝑛
+ 1) = 2 ↛ 𝑓(1) = 1  in  𝑅.  

6.4 Some Properties of  𝑹-Integrals )بعض خواص تكامل ريمان( 

(1) If 𝑓 is 𝑅-integrable on [𝑎, 𝑏],  and  

          𝑓(𝑥) ≥ 0,   ∀𝑥 ∈ [𝑎, 𝑏], then ∫ 𝑓
𝑏

𝑎
≥ 0. 

Proof: ∵ 𝑓(𝑥) ≥ 0  ∀𝑥 ∈ [𝑎, 𝑏] 

          ⟹ 𝑅(𝑓, 𝜌) ≥ 0 for any partition on [𝑎, 𝑏].  

          ∫ 𝑓
𝑏

𝑎
≥ 0 since 𝑓 is 𝑅-integrable  

          ⟹ ∫ 𝑓
𝑏

𝑎
= ∫ 𝑓

𝑏

𝑎
= ∫ 𝑓

𝑏

𝑎
≥ 0 ⟹ ∫ 𝑓

𝑏

𝑎
≥ 0.  

(2) If 𝑓1and 𝑓2 are 𝑅-integrable on [𝑎, 𝑏] and 𝑓1 ≤ 𝑓2, then ∫ 𝑓1 ≤ ∫ 𝑓2
𝑏

𝑎

𝑏

𝑎
 . 

Proof: Let ℎ = 𝑓2 − 𝑓1.  

∵ 𝑓1(𝑥) ≤ 𝑓2(𝑥),     ∀𝑥 ∈ [𝑎, 𝑏] ⟹ ℎ(𝑥) ≥ 0    ∀𝑥 ∈ [𝑎, 𝑏]. 

          ⟹ ∫ ℎ
𝑏

𝑎
≥ 0 ⟹ ∫ (

𝑏

𝑎
𝑓2 − 𝑓1) ≥ 0 ⟹ ∫ (

𝑏

𝑎
𝑓2) + ∫ (

𝑏

𝑎
− 𝑓1) ≥ 0. 

          ⟹ ∫ (
𝑏

𝑎
𝑓2) − ∫ (

𝑏

𝑎
𝑓1) ≥ 0 ⟹ ∫ (

𝑏

𝑎
𝑓2) ≥ ∫ (

𝑏

𝑎
𝑓1). 

          ⟹ ∫ (
𝑏

𝑎
𝑓1) ≤ ∫ (

𝑏

𝑎
𝑓2).  

Or 



Chapter Six:                                                                                                 Riemann Stieltjes Integral 

 

          ∵ 𝑓1(𝑥) ≤ 𝑓2(𝑥)     ∀𝑥 ∈ [𝑎, 𝑏] ⟹ 𝑚1𝑖 ≤ 𝑚2𝑖  

          ⟹ 𝑅(𝑓1, 𝜌) ≤ 𝑅(𝑓2, 𝜌) ⟹ ∫ (
𝑏

𝑎
𝑓1) ≤ ∫ (

𝑏

𝑎
𝑓2) and since  

           𝑓1 and 𝑓2 are 𝑅 −integrable ⟹ ∫ (
𝑏

𝑎
𝑓1) ≤ ∫ (

𝑏

𝑎
𝑓2).  

(3) Let 𝑓 and ℎ be a functions defined on [a, b] such that 𝑓ℎ and ℎ are 𝑅-

integrable on [a, b] If ℎ ≥ 0 and 𝑚, 𝑀 are constant such that  𝑚 ≤ 𝑓 ≤

𝑀, then 𝑚 ∫ ℎ ≤ ∫ ℎ𝑓 ≤ 𝑀 ∫ ℎ
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎
. 

Proof: Check.     

(4) If 𝑓 is R-integrable on [𝑎, 𝑏], then |𝑓| is 𝑅-integrable on [𝑎, 𝑏] and 

|∫ 𝑓
𝑏

𝑎
| ≤ ∫ |𝑓|

𝑏

𝑎
.  

Proof: Let 𝑚′𝑖 = inf {|𝑓|│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]} and 𝑚𝑖 = inf  {𝑓│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}      

𝑀𝑖 = sup {|𝑓|│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]} and 𝑀𝑖 = sup {𝑓│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}.  

𝑅(|𝑓|, 𝜌) − 𝑅(|𝑓|, 𝜌) < ϵ ⟹ |𝑓| is R-integrable on [𝑎, 𝑏]. 

          ∵ −𝑓 ≤ |𝑓| 𝑎𝑛𝑑 𝑓 ≤ |𝑓| ⟹ − ∫ 𝑓
𝑏

𝑎
≤ ∫ |𝑓|

𝑏

𝑎
   and  

          ∫ 𝑓
𝑏

𝑎
≤ ∫ |𝑓| ⟹ |∫ 𝑓

𝑏

𝑎
| ≤ ∫ |𝑓|

𝑏

𝑎

𝑏

𝑎
 . 

Remark 6.21: The converse of (4) is not true. 

i.e. |𝑓| is 𝑅-integrable on [𝑎, 𝑏], but 𝑓 is not R-integrable on [𝑎, 𝑏]  

Example 6.22: Let 𝑓(𝑥) = {
1            if 𝑥 ∈ 𝑄 in [0,1]

−1          if 𝑥 ∉ 𝑄 in [0,1]
  

Let 𝜌 = {0,
1

𝑛
,

2

𝑛
, …

𝑛−1

𝑛
,

𝑛

𝑛
= 1}  be a partition on [0,1]. 

              𝑅(𝑓, 𝜌) = ∑ 𝑚𝑖∆𝑥𝑖
𝑛
𝑖=1 = ∑ (−1)

1

𝑛
=

−𝑛

𝑛
= −1𝑛

𝑖=1    

            𝑅(𝑓, 𝜌) = ∑ 𝑀𝑖∆𝑥𝑖
𝑛
𝑖=1 = ∑ (1)

1

𝑛
=

𝑛

𝑛
= 1𝑛

𝑖=1   

  𝑅(𝑓, 𝜌) ≠ 𝑅(𝑓, 𝜌). 

⟹ ∫ 𝑓 = 1 and ∫ 𝑓 = 1 ⟹ 𝑓
1

0

1

0
 is not 𝑅-integrable on [0,1].  
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Also, |𝑓(𝑥)| = 1   ∀𝑥 ∈ [0,1],  

          𝑅(|𝑓|, 𝜌) = 𝑅(|𝑓|, 𝜌) = 1 

         ⟹ ∫ |𝑓| = ∫ |𝑓|
1

0
= 1 ⟹ |𝑓|

1

0
 is R-integrable on [0,1]  

(5) If 𝑓 is 𝑅-integrable and non negative on [𝑎, 𝑑] and if 𝑏, 𝑐 are points 

such that 𝑎 < 𝑏 < 𝑐 < 𝑑, then ∫ 𝑓 ≤ ∫ 𝑓.
𝑑

𝑎

𝑐

𝑏
       (check)   

(6) If 𝑓 is 𝑅-integrable on [𝑎, 𝑏], then 𝑓2 is also R−integrable on [𝑎, 𝑏].  

Proof: Case (1):  𝑓 ≥ 0  

Let  𝑚2
𝑖 = inf   {𝑓2(𝑥)│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}      

 𝑀𝑖
2 = sup {𝑓2(𝑥)│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]} 

  𝑅(𝑓2, 𝜌) − 𝑅(𝑓2, 𝜌) = ∑ (𝑀2
𝑖 − 𝑚2

𝑖
)∆𝑥𝑖 = ∑ (𝑀𝑖 − 𝑚𝑖)(𝑀𝑖 +𝑛

𝑖=1
𝑛
𝑖=1

𝑚𝑖)∆𝑥𝑖 ≤ ∑ (𝑀𝑖 − 𝑚𝑖)2𝑀∆𝑥𝑖 = 2𝑀 ∑ (𝑀𝑖 − 𝑚𝑖)∆𝑥𝑖 =𝑛
𝑖=1

𝑛
𝑖=1

2𝑀[∑ 𝑀𝑖 − ∑ 𝑚𝑖]𝑛
𝑖=1

𝑛
𝑖=1   

2𝑀 (𝑅(𝑓, 𝜌) − 𝑅(𝑓, 𝜌)) < 2𝑀
𝜖

2𝑀
= 𝜖  

∴ 𝑓2 is R-integrable on [𝑎, 𝑏]   

Case (2): 𝑓 < 0  

∵ 𝑓 < 0 ⟹ |𝑓| > 0 ⟹ |𝑓| is R-integrable on [𝑎, 𝑏]  

⟹ |𝑓|2 = 𝑓2 ⟹ 𝑓2 is R-integrable on [𝑎, 𝑏]  

(7) If 𝑓 𝑎nd ℎ  are R-integrable on [𝑎, 𝑏] , then 𝑓ℎ is also R-integrable on 

[𝑎, 𝑏]. 

Proof: ∵ 𝑓 and ℎ  are R-integrable on [𝑎, 𝑏] then  

𝑓 + ℎ is R-integrable on [𝑎, 𝑏] . 

(𝑓 + ℎ)2 and 𝑓2and ℎ2 are R-integrable on [𝑎, 𝑏]  

1

2
(𝑓 + ℎ)2 −

1

2
 𝑓2 −

1

2
ℎ2 = 𝑓ℎ is R-integrable on [𝑎, 𝑏]  
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(8) If 𝑓 is R-integrable on [𝑎, 𝑏]𝑎𝑛𝑑 0 < 𝑚 ≤ 𝑓 ≤ 𝑀 then 
1

𝑓
 is R-

integrable on [𝑎, 𝑏]. 

Proof: ∵ 𝑓 is R-integrable on [𝑎, 𝑏] ⟹ ∀𝜖 > 0, ∃ a partition on 𝜌 𝑠. 𝑡   

𝑅(𝑓, 𝜌) − 𝑅(𝑓, 𝜌) < 𝜖 ⟹ ∑ (𝑀𝑖 − 𝑚𝑖)∆𝑥𝑖 < 𝜖𝑛
𝑖=1   

𝑚 ≤ 𝑓 ≤ 𝑀 ⟹ 𝑓 is bounded ⟹
1

𝑀
≤

1

𝑓
≤

1

𝑚
⟹

1

𝑓
  is bounded  

 ∑ (
1

𝑚𝑖
−

1

𝑀𝑖
) ∆𝑥𝑖 = ∑ (

𝑀𝑖−𝑚𝑖

𝑚𝑖𝑀𝑖
)∆𝑥𝑖 ≤𝑛

𝑖=1 ∑ (
𝑀𝑖−𝑚𝑖

𝑚2
) ∆𝑥𝑖 =𝑛

𝑖=1
𝑛
𝑖=1

 
1

𝑚2
∑ (

1

𝑚𝑖
−

1

𝑀𝑖
) ∆𝑥𝑖 <

1

𝑚2 = 𝜖𝑛
𝑖=1     

1

𝑓
 is R-integrable on [𝑎, 𝑏]. 

(9) If 𝑓 and 𝑔 are R-integrable, then  

[∫ 𝑓𝑔
𝑏

𝑎
]

2
≤ [∫ 𝑓2𝑏

𝑎
] [∫ 𝑔2𝑏

𝑎
] (Cauchy Schwarz inequality) 

Proof: Take  𝐴𝑡2 + 2𝐵𝑡 + 𝐶 > 0,      ∀𝑡  

Let 𝐵 = ∫ 𝑓𝑔
𝑏

𝑎
 and 𝐴 = ∫ 𝑓2𝑏

𝑎
 and 𝐶 = ∫ 𝑔2𝑏

𝑎
  

[∫ 𝑓𝑔
𝑏

𝑎
]

2
− [∫ 𝑓2𝑏

𝑎
] [∫ 𝑔2𝑏

𝑎
] ≤ 0  

[∫ 𝑓𝑔
𝑏

𝑎
]

2
≤ [∫ 𝑓2𝑏

𝑎
] [∫ 𝑔2𝑏

𝑎
]  

(10) [∫ (𝑓 + 𝑔)2𝑏

𝑎
]

1

2
≤ [∫ 𝑓2𝑏

𝑎
]

1

2
+ [∫ 𝑔2𝑏

𝑎
]

1

2
 (Minkowski inequality)  

Proof: Since  ∫ (𝑓 + 𝑔)2𝑏

𝑎
= ∫ 𝑓2 + 2 ∫ 𝑓𝑔

𝑏

𝑎
+ ∫ 𝑔2𝑏

𝑎

𝑏

𝑎
  

≤ ∫ 𝑓2 + 2 [∫ 𝑓2𝑏

𝑎
]

1

2
[∫ 𝑔2𝑏

𝑎
]

1

2
+ ∫ 𝑔2𝑏

𝑎

𝑏

𝑎
.  

⟹ [∫ (𝑓 + 𝑔)2𝑏

𝑎
] ≤ [[∫ 𝑓2𝑏

𝑎
]

1

2
+ [∫ 𝑔2𝑏

𝑎
]

1

2
]

2

  

[∫ (𝑓 + 𝑔)2𝑏

𝑎
]

1

2
≤ [∫ 𝑓2𝑏

𝑎
]

1

2
+ [∫ 𝑔2𝑏

𝑎
]

1

2
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6.5 Riemann Stieltjes Integral  ريمان( تكامل ستجلس ) 

Definition 6.23: Let 𝑓: [𝑎, 𝑏] → 𝑅 be a bounded function and  

Let 𝑔: [𝑎, 𝑏] → 𝑅 be not decreasing function and  

Let 𝜌 = {𝑎 = 𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑢−1, 𝑥𝑢, … , 𝑥𝑛−1𝑥𝑛 = 𝑏}   be a partition on 

[𝑎, 𝑏]  

𝑅𝑆(𝑓, 𝜌, 𝑔) = ∑ 𝑀𝑖[𝑔(𝑥𝑖) − 𝑔(𝑥𝑖−1)]𝑛
𝑖=1   

𝑅𝑆(𝑓, 𝜌, 𝑔) = ∑ 𝑚𝑖[𝑔(𝑥𝑖) − 𝑔(𝑥𝑖−1)]𝑛
𝑖=1   

Where  𝑚𝑖 = inf {𝑓(𝑥)│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}  

𝑀𝑖 = sup {𝑓(𝑥)│𝑥 ∈ [𝑥𝑖−1, 𝑥𝑖]}  

∵ 𝑔 is not decreasing ⟹ 𝑔(𝑥𝑖) − 𝑔(𝑥𝑖−1) ≥ 0    ∀𝑖  

 𝑅𝑆(𝑓, 𝜌, 𝑔) ≤ 𝑅𝑆(𝑓, 𝜌, 𝑔)  

Let ∫ 𝑓𝑑𝑔 = sup {𝑅𝑆(𝑓, 𝜌, 𝑔)│𝜌 𝑖s a partition on [𝑎, 𝑏]}
𝑏

𝑎
  

∫ 𝑓𝑑𝑔 = inf {
𝑏

𝑎
𝑅𝑆(𝑓, 𝜌, 𝑔)│𝜌 is a partition on [𝑎, 𝑏]}  

⟹ ∫ 𝑓𝑑𝑔
𝑏

𝑎
≤ ∫ 𝑓𝑑𝑔

𝑏

𝑎
  

If ∫ 𝑓𝑑𝑔
𝑏

𝑎
= ∫ 𝑓𝑑𝑔 ⟹ 𝑓

𝑏

𝑎
 is R-integrable w.r.t. 𝑔 and is denoted by 

∫ 𝑓𝑑𝑔
𝑏

𝑎
.  

Remarks 6.24: If 𝜌∗ is a refinement of  𝜌 ,then  

(1) 𝑅𝑆(𝑓, 𝜌, 𝑔) ≤ 𝑅𝑆(𝑓, 𝜌∗, 𝑔)  

𝑅𝑆(𝑓, 𝜌∗, 𝑔) ≤ 𝑅𝑆(𝑓, 𝜌, 𝑔)  

(2) If 𝜌1 and 𝜌2 are a partition of [𝑎, 𝑏], then  

𝑅𝑆(𝑓, 𝜌1, 𝑔) ≤ 𝑅𝑆(𝑓, 𝜌2, 𝑔)  

(3) If 𝜌 = {𝑎, 𝑏}, then  
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 𝑅𝑆(𝑓, 𝜌, 𝑔) = 𝑚[𝑔(𝑏) − 𝑔(𝑎)]  

𝑅𝑆(𝑓, 𝜌, 𝑔) = 𝑀[𝑔(𝑏) − 𝑔(𝑎)].  

 


