Chapter Two: Metric Spaces
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Definition 4.1:

Let X be a non-empty set. A functiond : X X X — R is said to be a

metric (or distance function) on X if d satisfies the following conditions :
1. d(x,y) =o, Vxye€EX.

2. d(x,y) =0 & x=y.

3. d(x,y)=d(y,x) Vx,yeEX ( Symmetry )
4. d(x,y) < d(x,z2)+ d(z,y) Vx,y,z€X ( Triangle
inequality )

If d is a metric on X, then (X, d) is called a metric space, and d( x,y) is

called the distance between x and y.
Example 4.1:
1-LetX = Rand d:R X R — R a function defined by
d(x,y) = |x—y|, Vx,y€R.

Then d is a metric on R called absolute value metric (or usual metric) on
R. And (R, d) is a metric space [see, Def. 1.10].

2-Let X # ¢ beanysetand d : X X X = R defined by
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1 ifx #y

d(x,y)={0 ifx =y

Then d is a metric on X.

Proof: 1, 2, 3 are clear from definition of d.

1 ifx ¢y>

0 if x =y_0’

1- d(x,y) ={

1 ifx # .
2-d(x,y)={0 l.]]:x =;’zo if x =y

3- d(y,x)={é l-l]]:;/:xx=d(x,y)??????

For condition (4)

REpIEN d(x,y) < d(x,2) + d(z,y) 210 adl 334 Ga¥) okl
(e l-x=y=2z 0 0 oT

2-x+y,y+z 1 1 1T

Fx#+y;y=z 1 1 0T

4-x=y,y#z 0 1 1T

Then d is a metric function.
~ (X, d) is a metric space and called discrete space.
aall
slacly @l 5 baal 5 38y 5 (pe FSL L e Tebiad X e sanall (g Juad of (S Cum ¢ d
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3- Let (X, d) be a metric space and let
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d,(x,y) = Kd(x,y), K > 0.Provethatd, isa metric on X.
(check)

4- Let R? = {(x,y)| x,y € R} and let d: R? x R? - R be a function
S.t

d(x1»3’1); (xz:J’z) = \/(xz - x1)2 + (v — J’1)2-
Then d is a metric on RZ.

Proof:
Let P,,P,,P; € R*>stP;, = (x;,y;), i=1,2,3.

1-d (P, P) =/ (xz — %)%+ (¥ —y1)2 =0 VP,P, €R2

2-d (P,P) =0 \/(xz_x1)2+(J’2_J’1)2=0 A
(—x1)*=0V (=) =0 x,=x Vy, =y
S (x,y1) = (x2,5) © P=P,.

3-d (P, Py) =(x2—x1)% + (y2 — y1)?
= (X1 = %)% + (1 — ¥2)?
= d((x3 y2), (x1,91)) = d (P, Py)
(xp —x)2 = 1.(x; —x3)% = (—1)2(x; —x3)% = (—1(xy — x3))* =

(xy — x1)2- ¢
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4'd(P1;P3)Sd(P1;P2)+d(P2,P3) P, (x2,¥2)

= d is a metric on R?

Py (x1,y1) P3 (x3,¥3)

= (R?,d) is a metric space Elia b b i g sane
&SL"A\@.’A\ Sl

5- Let (x4, y1), (x5, ¥,) € R%. Which of the following define a metric

on RZ.
(check)
a.d ((x1:3’1); (xz'yZ)) = [x; — x| + ly1 — y2l.
b. d ((x1;3’1), (xz;J’z)) =[xy — x1| + ly2 — y2l.
c. d ((xy, y1), (x2,¥2)) = max {lx; — %2, lyy — y2 I}
dd ((x1;J’1), (xz;}’z)) =min {|x; — x|, |y1 — y21}-
Remark 4.1:
1- Let (X, d) be a metric space, and x, y, z € X, then
ld(x,2) —d(y,2)| < d(x,y)
Proof:
By triangle inequality we get that

d(x,z) <d(x,y) +d(y,z) = d(x,z) —d(y,z) < d(x,y)
1)

d(y,z) <d(y,x) +d(x,z) > —d(y,x) <d(x,z) — d(y,2)
(2)
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wd(x,y) =d(y,x). Then (1) + (2) = [d(x,z) — d(y, z)] < d(x,y).

2- Let (X, d) be a metric space, and x4, x5 , ... x, € X, then
d(xy, xp) < d(xg,%2) +d(x2,x3) + - + d(xp—1, Xp)

1 e bl el Y Al (A s Aalinall sl il Aaad il 038 e
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Definition 4.2:
Let (X,d) be ametricspaceand ¢ = S € X. If

dg: SXS—>Rstd(x,y) =d(x,y) V(x,y) €S.
then we say that (S, dy) is a subspace of (X, d).
Proposition 4.1:

V aabeR, a=0 V b=>0weget

(ab)/z <=
Jadl il Jaxdll

el

Cpddall
b,a
gl Jamall (5 sl sl (e ST ) Jasdll ¢

Proof:

ab Sa2+zzb+b2 B Sia 4l 2

y=Vx
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= 4ab < a?+ 2ab + b> /

= 0 <a?-2ab+b?=(a—->b)?

Cauchy-Schwarz inequality 39 - i g8 Adlia

Let x;,x,,... x, and y;,y,, ... ¥, be real numbers, then

R O N L

Lo Tyl < (S ¥ (Say®) Vi €RVY €R1<i<n
where n is a positive integer

Proof :

Let X = (x1,x3, ... xp) #0(vector) VY =(y1,y2,... V) #0

=>x; #0 Vy;,#0foratleastor 1 <i <n.

2

x.
Assumea; =—— =0
j=1%j
Vi, 1<i<?2
2
=== >0
bXyf

= Z?Zl a; = 1 and Z?:l bi =1.

6
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By Prop.4.1, we get that

|x;] lyil xf| X xF+yf| Ty?
= 9621/ ) y1/ < ]2 ’ ( xlzlxll)
(ij) 2 (Zng) 2

1 1 1
v |lab|z = az.bz. Then

n |x4 |yl n X y?

. . <
T 572
N Zif/1|xiYi| - < l+l —1

a3 2Eyn 2z 22

1

1 1
= Yhalxyil < Gl %) i)z

Now, ifX=0o0rY =0 =x,=x,= ..

x, =0 or

V1

Y2 - =Yn =

and the result it is clear.

Minkowski Inequality (sSuid 9850 daa jia

Let a,,a,, ... a, and by, b,, ... b, be real numbers, then

Chi(a+b0 2 < Chya®) 2+ (SR, b2)
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Proof:
?:1(“1‘ + bi)z = ?:1 aiz + 2 Z?ﬂ a;b; + Z?:1 bi2

< Z?=1 ai2 + 2211‘1=1|aibi| +Z?=1bi2

< Yhia®+2 [(Z?=1 ai2)1/2 (041 biz)l/z] ¥

n 2
i=1 bi

2

- [(Z?ﬂ aiz)l/z + iz biz)l/z]
S Sie daal yia Jo duaad skl Jiall Al
Example 4.2:
Let R? = {X = (x,xy,... x,)|x; ER,1<i<n}
IfX = (x, x5, xp) ERMandY = (y1, ¥, ... V) ER™

Define d: R™ X R™ — R by follows

1

dX,Y) = (1 —y1)2 + -+ O — y)? = Clea (6 — y)?)2
V X,Y € R?

Prove that (R?, d) is a metric space.

Proof:
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(1), (2) v (3) are hold by definition of d (check)
Now, let X = (x4, x5, ... x,) € R"
Y=0wuny2,. yn) ER"
Z=(24,2y,.. Z,) ER"

TPAX,Y) <d(X,Z) +d(Z,Y)

NXg—Yi =X —Zi v Z — Y
n 2 1/2
2 dXY) = (X —zi + 2 — y)?)

< Qie1(x — zi)z)l/2 + QChi(z — yi)z)l/2 (by Minkowski
inquality)

=d(X,Z) +d(Z,Y)



