Chapter Five: The Continuity

Chapter Five: The Continuity (4 aiw1)

Definition 5.1: Let (X,d) and (X',d") be a metric space. A mapping
f:X — X is called continuous at a point x, € X if for any € > 0, there is

& > 0 (6 depends on € and x,) such that for each x € X, if
d(x,x9) < 6, then d&'(f (x), f (%)) < €.
Or

The f: X - X" is continuous at x, € X & for any ball B*.(f(x,)) with
center f(x,) and radius € in X, there is a ball Bs(x,) with center x, and

radius 6 in X such that

f(Bs(x0)) € B'e(f (x0))

Remark 5.2: A mapping f: X — X is called continuous (or continuous

on X) iff f is continuous at each point in X.

Theorem 5.3: A mapping f:(X,d) = (X', d") is continuous iff for each
open set U in X, f~1(U) is open set on X".

e

f:X - X iscontinuous © VU S,epn X,
then,

f71(U) Sopen X where f~1(U) = {x € X/f(x) € U}
Proof: =

Suppose that f is continuous on X and U S,p,ep X
To prove f~1(U) Sopen X?

Let x, € f~1(U)
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= f(x) € U ,Yss=> 3e > 0 such that B'(f(xy)) c U
Since f is continuous = 3 a ball Bs(x,) on X such that
f(Bs(x0)) € B'c(f(xo)) c U
= f(B(S(xo)) c U = Bs(xy) c f~1(U)

= f_l(U) gopen X.m

=
Suppose that,V U S,,., X, then,
fHU) Sopen X
To prove f is continuous?
Let xo € X and B (f (x,)) be aball in X°
= B .(f(x,)) is an open set in X".
= (B (f(x0))) is an open set in X and x, € f~1(B"(f (xo))-
= 3§ > 0 such that Bs(xy) € f (B (f(x0)).
= f(Bs(x)) © B (f(x0))-S
= f is continuous.m

Theorem 5.4: A mapping f:(X,d) = (X', d’) is continuous iff for each
closed set F in X', then f~1(F) is closed set in X.

Proof: =

Suppose that f is continuous and F is closed set in X
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To prove f~1(F) is closed in X?
« Fisclosed in X
= X —Fisopenin X
= f"Y(X"—F)isopeninX.
But f71(X*—F) =X — f~1(F)
= f~1(F)isaclosed setin X.m
p—
To prove that f is continuous?
Let U beanopensetin X° = X* — U isclosed in X
= f~1(X" — U) isclosed in X. (why ?)
But
fX - =x-f10),
= f~1(U) is openin X.

= f is continuous. m

5.1. The Convergence and Continuity (sl g 43 ) saiuwd1)

Theorem 5.6: A mapping f:(X,d) = (X', d") is continuous at x, € X iff
for every sequence (x,) in X converges to x,, then the sequence {f (x,))

in X" converges to f(x,).
Proof: =

Suppose that f is continuous at x,and {x,) is a sequence in X, such that
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Xn = X, t0 prove that f(x,,) = f(xy) InX".
Let U be an open set to X* such that f(x,) € U.
= f~Y(U) isopenin X, and x, € f~1(V).
Since x, — x,
= f~1(U) contains all but a finite number of the term of (x,)
= U contains all but a finite number of the term of (f (x,,))
= f(xn) = f(xp). m
p—
Suppose that if x,, = x, in X, then f(x,) = f(xy) In X
To prove that f is continuous at x,?.
Suppose that f is not continuous at x,

= 3 € > 0suchthat Vn € N, f(B1(xg)) € B (f(x0))

.Yn € N,3 x,, € X suchthat if d(x,,x,) <%
then,

d" (f (%), f(x0)) 2 €

= f(x,) +» f(x), but x,, = x,, C!
Since € > 0 = 3 k € N such that.

1
-<E€
k
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= d(x,, xg) <%<%< evn>k.

=~ f is continuous at x,.m

Theorem 5.7: Let f:(X,d) » (X',d) and g:(X',d) — (X", d") be a
mapping such that f is continuous at x, € X and g is continuous at

f(xy) € X', then g o f continuous at x, € X .
Proof:
To provethat go f:(X,d) = (X", d") iscontinuous at x, € X.?
Let (x,,) be a sequence in X such that
X, = Xo and f is continuous at x,
= f(xn) — f(x)-(Why?)
~+ g is continuous at f(x,)
= g(f (xn)) — g(f (x0)),
= (g ° f)(xn) = (g ° f)(x0), (Why?)

= g o f is continuous at x,.m

Examples 5.8: Let f: R — R be a mapping such that

1 if x>0
f(x)=40 if x=0
-1 if x<0

Is f continuous mapping at x = 0.?
Solution:

The function f is not continuous at x = 0. Since
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1
__)0'
n

but

fG)=1=1%f0)=0m

Example 5.9: Let f: [a, b] = R be a mapping such that

(1 ifxeqQ
f(x)‘{z ifxe&Q

Then, f is not continuous.
Solution:

Let xy € [a,b]. If

Xo € Q = 3Ix, € Q such that,
Xy = Xo, bUt f(x,) =1
— 1 * f(xo) = 2

Also, if x, € Q
= 3x, € Q° such that
Xy, = Xo, but f(x,) =2
=2 # f(x) =1

= f is not continuous.m

Definition 5.10: If f: X — X" is a mapping and S c X, then f;:S - X" is
also a mapping such that f;(x) = f(x),Vx € S. Therefore, f; is called the

restriction of f to S.
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Remark 5.10: If £ is continuous, then so is f;, but the converse is not

true.

5.2 The Continuous of Real Valued Mapping 4l cid J)sall 4 ) paiul)
(4ddalip

Definition 5. 11: Let X be a metric space , then,
C(x) = {f/f:X — R is continuous mapping}
Is the set of all continuous real valued mapping then,
C(x) # o.
If 3 f € C(x) such that
f(x) = c,where c €R,
then,

Vx € X is continuous.

Theorem 5.12: If f and g are continuous real valued mapping, then:
1-f + g is continuous such that (f + g)(x) = f(x) + g(x).

2-f. g is continuous such that (f. g)(x) = f(x). g(x).

3-Va € R, af is continuous such that (af)(x) = af (x).

()_f(x)

L . .
4-1f g(x) # 0, then L continuous such that( ) e

5-|f| is continuous such that |f|(x) = [f(x)].

Proof:
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1-To prove that f + g: X — R is continuous?.
Let x, € X and (x,,) be a sequence in X such that
Xn = X
+ f s continuous
= f(xn) = f(xo) inR.
+ g 1s continuous
= g(xn) = g(xo) in R
= f(xn) + g(xn) > fxo) + g(xo) in R
= (f + 9)(xn) = (f + g)(x0)
= f + g is continuous at x,.m
Remarks 5.13:
1- From land 2 in above theorem (C(x), +,.) is a vector space. (why ?)

2- Any polynomial p(x) = apx™ + a;x™ 1 + -+ a, is continuous.
(why ?)

5.3 The Real Mapping on Compact space stadll & 488al Jigall)

(0asa sl

Definition 5.14 (Bounded Mapping)

A mapping f: X — R is called bounded if there is M > 0 such that
lf()| <M, vx € X.

Or
R (range of f) is bounded set in R.

8



Chapter Five: The Continuity

Example 5.15:

A mapping f£(0,1) - R such that f(x) = 2x,Vx € (0,1) is bounded.

Solution:

Since 32 > 0,then |f(x)| = |2x| < 2,Vx € (0, 1). That means:
If(x)] <2,vx € (0,1),with M =2.m

Theorem 5.16: Let X and X be metric space and f:X = X Dbe a

continuous mapping if X is compact, then f(X) is compact.
Proof:
Let X be a compact space. To prove that f(X) is compact.
Suppose that {V, | a € A} be any open cover of f(X),Vx € X.
= f(X) S UgeaVa -
and
Vo Sopen X,V € A
= (X)) € £ WaeaVa)-
= X S Ugerf " (V).
~ f is continuous and V,, S,,ep X', Va € A.
= (Vi) Sopen X, Va € A.
= {f~1(V,) | @ € A} is an open cover of X.

.+ X Is compact, then

3{f (W, | i =1,2,..,n}is afinite sub cover.
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e.,
X S UL f(Va,)-
= f(X) S UL Vy,.
= f(X) is compact. m

Theorem 5.17: A mapping f:X — R is bounded iff is continuous on a

compact space X.
Proof:

~ f:X - R is continuous and X is compact, then by above theorem f(X)

IS compact in R.
< f(X) is bounded.
& 3 M > 0suchthat |f(x)| < M,vx € X.
< fis bounded. m

Remark 5.18: If f: X — R is continuous and X is not compact, then f is

not necessary bounded, consider the following examples:
1-f (x) = -, ¥x € (0,00)

= f is continuous and not bounded.
2-f(x) = 2x,Vx € (0,1) = f is continuous and bounded, since
32 > 0 such that |2x| < 2,Vx € (0,1).
Or
f(x) = f((0,1)) = (0,2) is bounded.
= f is bounded. m
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Theorem 5.19: If f:X — R is a real continuous mapping and X is

compact space, then there are x,, yo € X such that
fo) < f(x) < fxp), Vx € X.
Proof:
~+ f is continuous and X is compact.
= f(X) =Y is compact in R.

= f(X) =Y is bounded and closed [any compact subset of metric

space is closed and bounded].
= Y has Sup and Inf.
LetSupY =M = M €Y, (Y is closed)
= 3 x, € X such that f(x,) = M.
Also, letm = InfY = m € Y, (Y is closed)
= 3y, € X such that f(y,) =m

= 3 xy, Yo € X such that

fo) <f(x) < f(xy),VXEX.m
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