
Chapter One

الحلقات  نظرية

Theory Ring

 1_1 Definition: By a ring ee aean a non-

eapty set R eith teo binary operations   and 

° is called a ring and is denoted by ( R ,   , ° ) if

 1( -R )+ ,is a belian group

 2( -R )° ,is a seai-group.

 3 ° -is distributiie (on both sides) oier. * 

 Another defini tion : it A aatheaatical 

systea ( R ,   , ° ) is called a ring if

 1 -∀ a , b ∈ R , a ∗ b ∈ R (closed) under .

 2 -a ∗ b = b ∗ a ∀ a , b ∈ R (coaautatiie).

 3 ( -a ∗ b (∗ c = a ∗ ( b ∗ c ) ∀ a , b ,c ∈ R 

(associatiie)  .

4 -∃ e ∈ R ∋ a ∗ e = e ∗ a = e ∀ a , b ,c ∈ R 

(identity) .



 5 -∀ a ∈ R ∃ -a ∈ R ∋ a ∗ (-a) = (-a) = e 

(inierse) .

 6 -∀ a , b ∈ R , a ◦ b ∈ R (closed)under .

 7 ( -a ◦ b◦ ) c = a ◦ ( b ◦ c ) ∀ a , b , c ∈ R 

(associatiie) .

 8 -a ◦ ( b ∗ c ) = ( a ◦ b ) ∗ ( a ◦ c ) (teo sides 

distributiie ) and ( b ∗ c ) ◦ a = ( b ◦ a ) ∗ ( c ◦ a

) ( ∀ a , b, c ∈ R)

1 – 2 : Soae Iaportant exaaples of rings. 

1 ( -R ) ∙, + ,is a ring , such that R is the real 

nuaber

 2 -if R ={ a + b√3 : a, b ∈ Z }, then ( R, + ,  ) is a ∙
ring .

 3 3( -P(X) )∩ , ∆, is a ring, ehere P(X) is a Poeer 

set of a set X,

 and ∆ is a syaaetric diference A ∆ B = ( A – B )

U( B – A ). 

 (P(X) ) ∩ , ∆ , is a ring . ( P(X) , ∆ ,∩ ) is a ring : But

( P(X) , ∆ , ∪ ) is not ring .



 Noe, to proie the intersection is distribute to a 

seea ethic diference.

 First, ee need the folloeing. A ∩ ( B − C ) = ( A ∩ B

) −( A ∩ C ). 

 It's clear that ( P (X) , ∆ ) is a belian group, and ( P 

(X) , ∩ ) is a seai-group.

 A ∩ ( B ∆ C ) = A ∩ [ ( B – C ) U ( C – B ) ] = [ A ∩ ( B 

– C ) ] U [ A ∩ ( C – B ) ] = [ ( A ∩ B ) − ( A ∩ C ) ] U 

[ ( A ∩ C )−( A ∩ B ) ] = ( A ∩ B ) ∆ ( A ∩ C ).

 Note : A U ( B – C ) ≠ ( A U B ) – ( A U C )


